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O ■ ABSTRACT 

I The aim of these lecture notes is to give a pedagogical introduction to the subject of 

non-holomorphic deformations of special geometry. This subject was first introduced in the 
context of = 2 BPS black holes, but has a wider range of applicability. A theorem is 
^ I presented according to which an arbitrary point-particle Lagrangian can be formulated in 

, terms of a complex function F, whose features are analogous to those of the holomorphic 

function of special geometry. A crucial role is played by a symplectic vector that represents 
a complexification of the canonical variables, i.e. the coordinates and canonical momenta. 
We illustrate the characteristic features of the theorem in the context of field theory models 
with duality invariances. 

The function F may depend on a number of external parameters that are not subject to 
duality transformations. We introduce duality covariant complex variables whose transfor- 
mation rules under duality are independent of these parameters. We express the real Hesse 
potential of A = 2 supergravity in terms of the new variables and expand it in powers of the 
external parameters. Then we relate this expansion to the one encountered in topological 
string theory. 

These lecture notes include exercises which are meant as a guidance to the reader. 
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1 Introduction 

As is well known, an abelian N = 2 supersymmetric vector multiplet in four dimensions is 
described by a reduced chiral multiplet, whose gauge covariant degrees of freedom include 
an (anti-selfdual) field strength F~j^ and a complex scalar field X. The Wilsonian effective 
Lagrangian for these vector multiplets is encoded in a holomorphic function F{X) which, 
when coupled to supergravity, is required to be homogeneous of degree two The abelian 
vector multiplets may be further coupled to (scalar) chiral multiplets that describe either 
additional dynamical fields or background fields. The function F will then also depend on 
holomorphic fields that reside in these chiral multiplets. An example thereof is provided by 
the coupling of vector multiplets to a conformal supergravity background. The multiplet that 
describes conformal supergravity is the Weyl multiplet, and the chiral background is given by 
the square of it [2J. In this case the function which now depends on the lowest component 
field of the chiral background superfield, encodes the couplings of the vector multiplets to the 
square of the Riemann tensor. These couplings constitute a special class of higher-derivative 
couplings, namely, they depend on the Riemann tensor but not on derivatives thereof. In 
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this paper we will only consider higher-derivative couplings of this type, i.e. couplings that 
depend on field strengths but not on their derivativesl§ We refer to [3j for a discussion 
on other classes of higher-derivative couplings. When higher-order derivative couplings are 
absent, we will denote the function F by F^^\X), which then refers to a Wilsonian action 
that is at most quadratic in space-time derivatives. 

The abelian vector fields in these actions are subject to electric/magnetic duality trans- 
formations under which the electric field strengths and their magnetic duals are subjected to 
symplectic rotations. It is then possible to convert to a different duality frame, by regarding 
half of the rotated field strengths as the new electric field strengths and the remaining ones 
as their magnetic duals. The latter are then derivable from a new action. To ensure that the 
characterization of the new action in terms of a holomorphic function remains preserved, the 
scalars of the vector multiplets are transformed accordingly. This amounts to rotating the 
complex fields and the holomorphic derivatives Fj = dF/dX^ of the underlying function 
F by the same symplectic rotation as the field strengths and their dual partners [HSj- Here 
the index / labels the vector multiplets (in supergravity it takes the values I = 0, 1, . . . ,n). 
Thus, electric/magnetic duality (which acts on the vector (X^,F/)), constitutes an equiv- 
alence transformation that relates two Lagrangians (based on two different functions) and 
gives rise to equivalent sets of equations of motion and Bianchi identities. A subgroup of 
these equivalence transformations may constitute a symmetry (an invariance) of the system. 
For a duality transformation to constitute a symmetry, the substitution X^ — ?> X^ into Fj 
must correctly induce the transformation (X^ , Fj) — > {X^,Ff) [5]. 

At the Wilsonian level, when coupling the N = 2 vector multiplets to supergravity, the 
scalar fields of the vector multiplets parametrize a non-linear sigma-model whose geometry 
is called special geometry [6], a name that first arose in the study of the geometry of the 
effective action of type-II string compactifications on Calabi-Yau threefolds [Ij. The sigma- 
model space is a so-called special-Kahler space, whose Kahler potential is [1], 



K{z, z) = - In 



where F^^\X) is the holomorphic function that determines the supergravity action, which 
is quadratic in space-time derivatives. Because F^'^'>{X) is homogeneous of second degree, 
this Kahler potential depends only on the 'special' holomorphic coordinates = X^/X^ and 
their complex conjugates, where i = 1, . . . ,n, so that we are dealing with a special-Kahler 
space of complex dimension n. In view of the homogeneity, the symplectic rotations acting 
on the vector (X^ , Fj^^ ), induce corresponding (non-linear) transformations on the special 
coordinates z*. Up to a Kahler transformation, the Kahler potential transforms as a function 
under duality. 

There actually exist various ways of defining special Kahler geometry. Apart from its 
definition in terms of special holomorphic coordinates [1], it can also be defined in a coordinate 



^In the language of the theorem that will be presented in section [J] this may be rephrased by saying that 
the Lagrangians we will consider depend on coordinates and velocities, but not on accelerations. 
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independent way [7j. More recently, the formulation of special geometry in terms of special 
real instead of special holomorphic coordinates has been emphasized [U [9l [TTl [12l [13]. 
This formulation is based on the real Hesse potential |14ill51 [T6]. which will play an important 
role below. 

In order to pass from the Wilsonian effective action to the IPI low-energy effective action, 
one needs to integrate over the massless modes of the model. In the context of = 2 theories 
this induces non-holomorphic modifications in the gauge and gravitational couplings of the 
theory that, at the Wilsonian level, are encoded in the holomorphic function F. An early 
example thereof is provided by the computation of the moduli dependence of string loop 
corrections to gauge coupling constants in heterotic string compactifications [T7]. These non- 
holomorphic modifications of the coupling functions are crucial to ensure that the low-energy 
effective action possesses the expected duality symmetries. This is therefore a generic feature 
of the low-energy effective action of = 2 models with duality symmetries. 

Another context where these moduli dependent corrections play an important role is the 
one of BPS black hole solutions in = 2 models. Their entropy should exhibit the duality 
symmetries of the underlying model, and this is achieved by taking into account the non- 
holomorphic modifications of the low-energy effective action. The need for non-holomorphic 
modifications of the entropy was established in models with exact S-duality [18], and their 
presence has been confirmed at the semiclassical level from microstate counting |19l I2U] . 
The fact that non-holomorphic modifications can be incorporated into the entropy of BPS 
black holes gave a first indication that the framework of special geometry can be consistently 
modified by a class of non-holomorphic deformations, to be described below. This can be 
understood as follows. The free energy of these BPS black holes turns out to be given by 
a generalized version of the aforementioned Hesse potential [U [2H [TO] . The Hesse potential 
is related by a Legendre transformation to the function F that defines the effective action, 
and thus it can be regarded as the associated 'Hamiltonian'. The Hamiltonian transforms 
as a function under electric/magnetic duality transformations. If the N = 2 model under 
consideration has a duality symmetry, the Hamiltonian will be invariant under symmetry 
transformations due to the presence of the aforementioned non-holomorphic modifications. 
Since the Hamiltonian is related to the function F by an Legendre transformation, these 
non-holomorphic modifications will also be encoded in F. 

This 'Hamiltonian' picture of BPS black holes suggests that special geometry can be 
consistently modified by a class of non-holomorphic deformations, whereby the holomorphic 
function F{X) that characterizes the Wilsonian action is replaced by a non-holomorphic 
function 



where denotes a real (in general non-harmonic) function. The Wilsonian limit is recovered 
by taking to be harmonic. In section [2] we show that the non-holomorphic deformations 
of special geometry described by (|1.2|) occur in a generic setting. There we consider general 
point-particle Lagrangians (that depend on coordinates and velocities) and their associated 
Hamiltonians. We present a theorem that shows that the dynamics of these models can 



F{x, X) = (X) + 2in{X,X) 
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be reformulated in terms of a symplectic vector {X,dF/dX) constructed out of a complex 
function F of the form ()1.2p . and whose real part comprises the canonical variables of the 
associated Hamiltonian. We show that under duality transformations the transformed sym- 
plectic vector is again encoded in a non-holomorphic function of the form (jl.2p . We illustrate 
the theorem with various field theory examples with higher-derivative interactions. We give 
a detailed discussion of these examples in order to illustrate the characteristic features of 
the theorem. One example consists of the Born-Infeld Lagrangian for an abelian gauge field, 
which we reformulate in the language of the theorem based on (jl.2p . We subsequently pro- 
mote the gauge coupling constant to a dynamical field S and discuss the duality symmetries 
of the resulting model. We then turn to more general models with exact S- and T-duality 
and discuss the restrictions imposed on Q by these symmetries. 

The function F in (|1.2p may depend on a number of external parameters which we denote 
by rj. Under duality transformations, the symplectic vector {X, dF/dX) transforms into 
{X ,dF/dX), while the parameters ry are inert. When expressing the transformed variables 
X in terms of the X, the relation will depend on r], i.e. X = X(X,rj). In section [3] we 
introduce covariant complex variables that constitute a complexification of the canonical 
variables of the Hamiltonian, and whose duality transformation law is independent of rj. These 
variables ensure that when expanding the Hamiltonian in powers of the external parameters, 
the resulting expansion coefficients transform covariantly under duality transformations. This 
expansion can also be studied by employing a modified derivative P^, which we construct. The 
covariant variables introduced in this section have the same duality transformation properties 
as the ones used in topological string theory and can therefore be identified with the latter. A 
further indication of the relation with topological string theory is provided by the generating 
function that relates the canonical variables of the Hamiltonian to the covariant complex 
variables. This generating function turns out to be the one that is used in the wave function 
approach to perturbative topological string theory [22l [231 IMl ESI [26] . 

In section[3|we turn to supergravity models in the presence of higher-curvature interactions 
encoded in the square of the Weyl superfield [21 [5] . We consider these models in an AdS2 x S'^ 
background and compute the effective action in this background. This is first done at the 
level of the Wilsonian effective action [27\ |28] . Then we assume that the extension to the low- 
energy eff'ective action can be implemented by replacing the Wilsonian holomorphic function 
F by the non-holomorphic function (jl.2p . Next, we perform a Legendre transformation of 
the low-energy effective action in this background and obtain the associated 'Hamiltonian', 
which takes the form of the aforementioned generalized Hesse potential. Using the covariant 
complex variables introduced in section [31 we expand the associated Hesse potential (the 
Hamiltonian) and work out the first few iterations. This reveals a systematic structure. 
Namely, the Hesse potential decomposes into two classes of terms. One class consists of 
combinations of terms, constructed out of derivatives of 0, that transform as functions under 
electric/magnetic duality. The other class is constructed out of and derivatives thereof. 
Demanding this second class to also exhibit a proper behavior under duality transformations 
(as a consequence of the transformation behavior of the Hesse potential) imposes restrictions 
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on $7. These restrictions are captured by a differential equation tliat constitutes lialf of 
the holomorphic anomaly equation encountered in the context of perturbative topological 
string theory. The differential equation is a consequence of the tension between maintaining 
harmonicity of Q and insisting on a proper behavior under duality transformations [5]. We 
conclude section S] with a brief discussion of open issues. 

In the appendices we have collected various results, as follows. Appendix [X] discusses 
the transformation behavior under symplectic transformations of various holomorphic and 
anti-holomorphic derivatives of F. We use these expressions to give an alternative proof 
of the integrability of the resulting structures. In addition, we show that when F depends 
on an external parameter r], its derivative drjF transforms as a function under symplectic 
transformations. In appendix[B]we show that the modified derivative of section [3] acts as a 
covariant derivative for symplectic transformations. This is done by showing that when given 
a quantity G{x,x;ri) that transforms as a function under symplectic transformations, also 
T>rjG transforms as a function. In appendixOwe review the holomorphic anomaly equation of 
topological string theory in the big moduli space. Appendix [D] lists certain combinations that 
arise in the expansion of the Hesse potential in powers of ij and that transform as functions 
under electric/magnetic duality. In appendix |E] we list the transformation properties of 
various derivatives of under duality transformations using the covariant variables of section 

El 

These lecture notes include exercises which we hope will constitute a guidance to the 
reader. 

2 Lecture I: Point-particle models and F-functions 

We begin by considering a general point-particle Lagrangian that depends on coordinates (p 
and velocities (p. The associated Hamiltonian will depend on the canonical variables (p and 
TT, where vr denotes the canonical momentum. After briefly reviewing some of the salient 
features of the Hamiltonian description, such as canonical transformations in phase space, 
we present a theorem that shows that the dynamics of these models can be reformulated in 
terms of a symplectic vector that is complex, and whose real part comprises the canonical 
variables (</>, vr). This is achieved by introducing a complex function F that depends on 
complex variables x, with the symplectic vector given by {x,dF/dx). This reformulation 
exhibits many of the special geometry features that are typical for N = 2 supersymmetric 
systems. However, it also goes beyond the standard formulation of these systems in that the 
function F is of the form (jl.2p . and hence non-holomorphic in general. 

We illustrate the theorem with various field theory examples with higher-derivative inter- 
actions. We give a detailed discussion of these examples in order to illustrate the characteristic 
features of the theorem. One example consists of the Born-Infeld Lagrangian for a Maxwell 
field, which we reformulate in the language of the theorem. We subsequently promote the 
gauge coupling constant to a dynamical field S and discuss the duality symmetries of the 
resulting model. We turn to more general models with exact S- and T-duality and discuss 
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the restrictions imposed on il. by these symmetries. 

The reader not interested in the details of these examples may want to proceed to sub- 
section 12.31 where we discuss the form of the Hamiltonian when the function F is such that 
it transforms homogeneously under a real rescaling of the variables involved. 



2.1 Theorem 

Let us consider a point-particle model described by a Lagrangian L with n coordinates (p"^ 
and n velocities 0*. The associated canonical momenta dL/d<j)^ will be denoted by tTj. The 
Hamiltonian H of the system, which follows from L by Legendre transformation, 

F(0,7r) =,/.V,-L(0,0) , (2.1) 

depends on ((/>*, vrj), which are called canonical variables, since they satisfy the canonical 
Poisson bracket relations. The variables (0*,-7rj) denote coordinates on a symplectic manifold 
called the classical phase space of the system. In these coordinates, the symplectic 2-form is 
diTi A fi(/)*. This 2-form is preserved under canonical transformations of (</>*, VTj) given by 





(2.2) 



where C/, V, Z and W denote n x n matrices that satisfy the relations 

U^V -W^ Z = V^U - Z^W = 1, 
U^W = W^U , Z^V = V^Z. (2.3) 

These relations are precisely such that the transformation ()2.2p constitutes an element of 
Sp(2?7-,M). This transformation leaves the Poisson brackets invariant. The Hamiltonian 
transforms as a function under symplectic transformations, i.e. //((/>, vf) = //(</>, vr). When 
the Hamiltonian is invariant under a subset of Sp(2ra, R) transformations, this subset describes 
a symmetry of the system. This invariance is often called duality invariance. Observe that 
the Legendre transformation (12. ip also gives rise to the relation dL/d(j)^ = —dH/d<f>^ by virtue 
of vTi = dL/d<j)\ 

Now we present a theorem that states that the Lagrangian can be reformulated in terms of 
a complex function F{x, x) based on complex variables x*, such that the canonical coordinates 
(</>*, vTj) coincide with (twice) the real part of {x^,Fi), where Fi = dF{x,x)/dx^. 
Theorem: Given a Lagrangian L{(l),(j)) depending on n coordinates (jf and n velocities 0*, 
with corresponding Hamiltonian //(</>, vr) = (f)^ Hi — L{(f), </>), there exists a description in terms 
of complex coordinates = i((/)* -|- and a complex function F(x,x), such that, 

2Rex^ =(t)\ 

2 Re Fi{x, x)=-Ki, where Fi = ^^q^I ■ (2.4) 
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The function F{x, x) is defined up to an anti-holomorphic function and can be decomposed 
into a holomorpliic and a purely imaginary (in general non-harmonic) function, 

F{x,x) = F^^\x) + 2[n{x,x) . (2.5) 

The relevant equivalence transformations take the form, 

pio) _^ pio) + ^(3.) ^ n^n-lm g{x) , (2.6) 

which results in F(x,x) — )■ F(x,x) + g{x). The Lagrangian and Hamiltonian can then be 
expressed in terms of F^^^ and il, 

L =4[ImF - n] , 

H= -i{x'F^-x'Fi)-4lm[F -lx'Fi]+4n 

= - i{x' Fj-x'Fi)-4 Im[F(°) - ^x' - 2(2 - x% - x'n,) , (2.7) 

with Fi = dF/dx\F}^^ = dF^^ydx\9.i = dn/dx\ and similarly for F^, and Qj. 

Furthermore, a crucial observation is that the 2n- vector (x*, Fi) denotes a complexification 
of the phase space coordinates {(p^jiTi) that transforms precisely as ((/>*, vTj) under symplectic 
transformations, i.e. 




Fi{x,3:) \Wij ViH \Fj{x,x) 



(2. 



Hence, a Sp(2n,M) transformation of {x^,Fi) is a canonical transformation of i7(0, vr). The 
equations ()2.8p are, moreover, integrable: the symplectic transformation yields a new function 
F{x,S:) = F(°)(x) + 2117(5,5), with Q real. 

Proof: The proof of this theorem proceeds as follows. First we introduce the 2n-vector 



1 / J.i 



+ 



i^^ 



which is constructed out of two canonical pairs, one comprising the variables ((/>*, vTj) and 
the other one comprising derivatives of H{(j),TT), namely {dH/dni, —dH/d(f)'^). Both pairs 
transform in the same way under canonical transformations ()2.2p . Now we relate the vector 
(x*,yj) to the one given in (|2.4|) . and we show that Lagrangian and the Hamiltonian can be 
expressed in terms of a complex function F{x,x) as in ()2.7p . 

The Legendre transformation (j2.ip gives (p^ = dH/dTTi, where we used vTj = dL/d(j)^. This 
equation establishes that the complex introduced in ()2.9p coincide with the x* defined 
above ()2.4p . Then, expressing the Lagrangian in terms of and x*, gives 
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where we used the relation dL/d(j)^ = —dH/d(j)^ mentioned below ()2.3p . Next we write L as 
the sum of a harmonic and a non-harmonic function (which is always possible), 

L = -2i[F(°)(x) -FW(x)] +4J1(x,x) . (2.11) 

By introducing the combination F{x,x) = F^^\x) + 2i^{x,x), we observe that the relation 
(|2.10p can be concisely written as yi = dF{x,x)/dx^, while the Lagrangian (j2.1ip becomes 
L = 4[ImF — 17]. Using this as well as (j2.9p . we obtain that the Hamiltonian H{(j),iT) = 
(j)^ TTi — L{(l), (j)) can be expressed as in (|2.7p . 

Exercise 1: Verify that H can be written as in (|2.7p . 

Thus, we have shown that the vector {x^,yi) equals {x^,Fi), and we have established the 
validity of (^TD . 

Now let us discuss the integrability of {x^ ,yi) under canonical transformations. The vector 
(x*, yi), given in (j2.9p . consists of two canonical pairs, and hence it transforms as in (j2.8p under 
canonical transformations. We denote the transformed variables by (x*, i/j). The Hamiltonian 
transforms as a function, i.e. -ff(Rex,Rey) = -fr(Rex,Re?/), as already mentioned. Since we 
are dealing with a canonical transformation, the dual quantities (x*,yi) and H will satisfy 
the same relations as the original quantities {x^,yi) and H, so that we can apply the steps 
(j2.9p - (j2.1ip to the dual quantities. The dual variables {x'^,yi) have the decomposition given 
in (|2.9p . but now in terms of the dual quantities. The Lagrangian L associated to H is 
obtained by a Legendre transformation of H, i.e. L = (p'^ni — H. Then, applying the steps 
given below ()2.9p to the dual Lagrangian shows that L = 4[ImF — 17], where F is the sum 
of a holomorphic function F^^'^ and a real function Q, i.e. F{x,x) = F^^\x) + 2iQ{x,x). 
This establishes that {x^,yi) can be obtained from a new function F, and hence ensures the 
integrability of {x^,yi) under symplectic transformations. 

To complete the proof of the theorem, we need to discuss one more issue, namely the 
decompositions of F{x, x) and ^(x, x) and their relation. The decomposition of F into F'-'^^ 
and 11 suffers from the ambiguity (j2.6p . and so does the decomposition of F. Therefore, to 
be able to relate both decompositions, we need to fix the ambiguity in the decomposition of 
F, once a decomposition of F has been given. To do so, we proceed as follows. 

We consider a symplectic transformation ()2.8p which, as we just discussed, yields a new 
function F. Given a decomposition of F, we apply the same transformation to the vector 
(x*,Fj^'^^) alone, where Ff^'^ = dF^^^ /dx^ . This yields the vector {x^,Ff^\x)), as explained 
in appendix |X1 The transformed vector {x'^,Ff\x)) can be integrated, i.e. F^^^ can be 
expressed as dF^^\x)/dx\ where F^^\x) is uniquely determined up to a constant and up 
to terms linear in x* (see (jA.Sp ) The expression for F(o) (x) can be readily obtained 
by using that the combination F^'') ~ Pf^'^ transforms as a function under symplectic 
transformations, i.e. 5 (^F^ -\x^Ff^^ = \ {dx^ pf'' -x*(5i^^°^). One obtains F^^\x) = 

i X* pf^'^ (x) +F*^°) ~ ^ ^* ^i^'' , up to a constant and up to terms linear in x*. Thus, to relate the 
decomposition of F to the decomposition of F, we demand that F^*^) refers to the combination 
that follows by applying a symplectic transformation to (x*, Pf^'^), as just described. This in 
turn determines Q. = j[L — 4ImF*^'^^]. This completes the proof of the theorem. 
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We finish this subsection with a few comments. First, we note that since both H and 
F^^^ — ^ pj^^^ transform as functions under symplectic transformations, so does the fohowing 
combination that appears in ()2.7p . 

in-x'ni-x'Qj . (2.12) 

Second, the transformation law of 2iilj = Fi — Fj^^^ under symplectic transformations is 
determined by the transformation behavior of F^ and Fj^^\ as described above. In appendix 
|X]we give an equivalent expression for in terms of a power series in derivatives of fi, see 
()A.4p . The transformation law of 2irij = Fj, on the other hand, follows from the reality of 17, 

= (Ik) . (2.13) 

Third, as mentioned in the introduction, the function F{x, x) may, in general, depend on a 
number of external parameters r] that are inert under symplectic transformations. Without 
loss of generality, we may take r] to be solely encoded in 0, and, upon transformation, in 
O (we can use the equivalence relation (j2.6p to achieve this). In appendix lAl we show that 
dr/F = dF/drj transforms as a function under symplectic transformations |21J. We will return 
to this feature in subsection 12.31 

Appendix 13 also discusses the transformation behavior under symplectic transformations 
of various holomorphic and anti-holomorphic derivatives of F. We use these expressions to 
give an alternative proof of the integrability of (|2.8p . 

2.2 Examples 

We now proceed to illustrate the features of the theorem discussed above in various models 
that have duality symmetries. To keep the discussion as transparent as possible in all cases, 
we consider the reduced Lagrangian that is obtained by restricting to spherically symmetric 
static configurations in flat spacetime. The first model we consider is the Born-Infeld model 
for an abelian gauge field, which has been known to have an S0(2) duality symmetry for a 
long time [29]. This symmetry may be enlarged to an SL(2, M) duality symmetry by coupling 
the system to a complex scalar field, called the dilaton-axion field [30] . This is the second 
model we consider. Then we turn to more general models with exact S- and T-duality and 
discuss the restrictions imposed on $7 by these symmetries. We exhibit how the Born-Infeld- 
dilaton-axion system fits into this class of models. Finally, we focus on the case when the 
function F{x, x) is taken to be homogeneous, and we discuss the form of the associated 
Hamiltonian. 

2.2.1 The Born-Infeld model 

The Born-Infeld Lagrangiarl§ for an abelian gauge field in a spacetime with metric g^^, is 
given by [31] 

'2 



det [gf,u + g Ff„y] \ - J \ det g^y 



(2.14) 



We will use the notation C and T-L when dealing with Lagrangian and Hamiltonian densities, respectively. 
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It depends on an external parameter rj = g^. In the following we consider spherically sym- 
metric static configurations in flat spacetime given by 



ds^ = -dt^ + dr^ + r2 {de^ + sin^ 9 dip^) , 

Frt=e{r) , Fe^=p sine. (2.15) 

Here, the ^-dependence of Fq^ is fixed by rotational invariance, and p is constant by virtue 
of the Bianchi identity. Evaluating (I2.14p for this configuration gives 

£= -g~^r^sm^e - g'^e'^{r)\ \J \ + p^ r-^ - \ . (2.16) 

Below we will rewrite (|2.16|) and bring it into the form (j2.7|) . Since this rewriting does not 
depend on the angular variables and since it applies to any r-slice, we integrate over the 
angular variables and pick the r-slice 47rr^ = 1, for convenience. The resulting reduced 
Lagrangian reads, 

/:(e,p) = -g-'' [^l-9^e^ yr+^V - l] , (2.17) 

where we take g^e^ < 1. 

Exercise 2: Instead of flat spacetime, consider the AdS2 x S"^ line element ds^ = vi{—r'^dt^ + 
r~'^dr'^) + V2{d9'^ + svcP'Odip^), where vi and V2 denote constants. Show that the resulting 
reduced Lagrangian takes the form (|2.17p after performing a suitable rescaling of g,e and p. 

In the example ()2.17p . the role of the coordinate (p and of the velocity </> introduced 
above (12. 4p is played by p and e, respectively. The associated Hamiltonian T-i is obtained by 
Legendre transforming with respect to = e. The conjugate momentum vr is given by the 
electric charge q, so that 

H{p,q)=qe-C{e,p) . (2.18) 

Computing 



where we introduced / for later convenience, and substituting in (|2.18p . we obtain for the 
Hamiltonian, 

^(P, q) = 5"' [yr+7PT?) - l] . (2.20) 

This Hamiltonian is manifestly invariant under S0(2) rotations of p and q and, in particular, 
under the discrete symmetry that interchanges the electric and magnetic charges. The ex- 
ternal parameter r] = g"^ Is inert under these transformations. These rotations constitute the 
only continuous symmetry of the system [29] . Their infinitesimal form can be represented by 
an Sp(2, M)-transformation (|2.3p with U = V = 1 and Z = —W = — c, where c € M. 

Now, following the construction described in the previous subsection 12. 1^ we introduce a 
complex coordinate x in terms of the coordinate (j) = p and the velocity (/> = e, and a complex 
function F{x, x; g'^), 

x = l{p + [e), F(x,x;/) = f(°)(x) -h2iO(x,x;5^), (2.21) 
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where 



2 



n{x, X- g2) = 1 5-2 (^1 + g^{x + x)2 - ^1 + 52(^ _ 35)2^' . (2.22) 

The spht into F^^^ and J7 is done in such a way that F^^^ will encode the contribution at the 
two-derivative level (which corresponds to the term C ~ —\F'^y + C>{g'^) in (I2.14p ). while O 
will encode the higher-derivative contributions. Indeed, with these definitions the Lagrangian 
(j2.17p can be written as 

C = 4[ImF - n] , (2.23) 

in agreement with the first equation of <\2.7h . Next, using the first equation of (I2.19p . we 
establish 

p = 2Rex, q = 2ReF^, (2.24) 

in accordance with (|2.4p . where we recall that the conjugate momentum vr equals q. Then, 
inserting U^TM into (1^:^ yields 



do, 

n = i{xF^-xF^)+4g^-^, (2.25) 



where Fx = dF{x,x;g'^)/dx. This is in agreement with the second equation of (|2.7p . since 
F^^^ satisfies F^^^ = ^xFx^\ and Q obeys the homogeneity relation 

2n = xnx + xnx-2g^ — , (2.26) 

dg^ 

which is a consequence of the behavior of $7 under the real scaling x ^ Xx and g^ — )• g'^. 
Exercise 3: Establish (12.261) by differentiating the relation fl{Xx, Xx; X~'^ g'^) = X^ VL{x , x; g^) . 
Exercise 4: Verify ([2:23]) . (fZMD and <!a?M . 

Rather than performing a Legendre transformation of C{e,p) with respect to e, we may 
instead consider performing a Legendre transformation with respect to p. The resulting 
quantity S{e,f) will then depend on the canonical pair (e,/), rather than on {p,q). Using 
the expression for / given in (j2.19p . we obtain 



5(e, f) = fp- C{e,p) = g-^ ^^1 - g2(e^ + f2) _ ij , (2.27) 

which is invariant under S0(2) rotations of e and /. Next, we express S{e,f) in terms of x 
and Fx introduced in (|2.2ip . First we establish 

f = 2ImFx, (2.28) 

so that 

x=l{p + ie), Fx = \{q + lf). (2.29) 
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S = fp-qe + 'H = -i{xF^-xF^)+Ag^j^. (2.30) 



Then, using (12:25]) and <^M), we obtairQ 

dn 

Let us now return to the discussion about symplectic transformations alluded to below 
(|2.20p . A symplectic transformation (|2.8p may either constitute a symmetry (an invariance) 
of the system or correspond to a symplectic reparametrization of the system giving rise to an 
equivalent set of equations of motion and Bianchi identities [33j . When a symplectic transfor- 
mation describes a symmetry, a convenient method for verifying this consists in performing 
the substitution in the derivatives Fj, and checking that this correctly induces the 

symplectic transformation on {x^,Fi) [5]. 

To elucidate this, let us consider a particular example, namely the discrete symmetry that 
interchanges the electric and magnetic charges. It can be implemented by the transformation 
{x,Fx) — >■ {Fx,—x), which operates on the canonical pairs {p,q) and (e, /) through (|2.29p . 
This constitutes a symplectic transformation ()2.3p with U = V = , Z = 1 , W = —1. To 
verify that the transformation x —> x = F^ correctly induces the transformation of F^, we 
compute 

= -i. ^ + . (2.31) 

y^l + g'^{x + x)2 v 1 + g'^{x — x)2 

Also, expressing e in terms of p and q (by using the first relation of (|2.19p ). we may express 
X in terms oi p = 2Re x and q = 2Re Fx , 

x = Up+ , = 1 . (2.32) 

We leave the following exercise to the reader. 

Exercise 5: Using (j2.3ip , show that the transformation x ^ Fx induces the transformation 
Fx —X by inserting the former on the right hand side of Fx- Similarly, using (|2.32p . show that 
the transformation (Rex,ReFj;) — )■ (ReF^^,— Rex) induces the transformation x — )• Fx- 

Next, let us discuss an example of a symplectic transformation that does not constitute 
a symmetry of the system, but instead describes a reparametrization of it. Namely, consider 
the following transformation of the canonical pair (p, q) , 



2Rex \ I p\ I 2Rex \ Ip + aq 
meFxj ^ \q] ~ \2ReFx] ~ \ q , 



, a G R . (2.33) 

This constitutes a symplectic transformation (|2.3p given hyU = V = l,Z = a,W = 0- 
Since, however, it does not represent an S0(2) rotation of p and q, it does not leave the 
Hamiltonian (|2.2Up invariant. To determine the new function F{x,x;g'^) associated with this 
reparametrization, we start on the Hamiltonian side and use the fact that Ti transforms as a 
function under symplectic transformations. Using (j2.33p this gives 

n{p, q) = n{p, q) = g-^ Ul + g^Hp-aqf+e] " ll • (2.34) 



''in the context of BPS black holes, % is the Hesse potential, and the double Legendre transform of H 
yields the entropy function [321 18]. 
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Now we determine the corresponding Lagrangian by Legendre transformation, 



C{e,p) = eq-n{p,q) 



where 



This yields, 



q — ap 



dn 

W ~ v^l + ^2(1 + a2)-i[((i + a^)q - apY + p^] 



ap e 
+ 



/ 1 + + p2 

1 + a2 ' 1 + ^2 Y ]^ _^ Q,2 _ ^2 g2 

which, when inserted in (j2.35p . gives 



aep _2 

1 + 



K \/l + a2 — ^(2 e2 Y^l + a2 + (^2 p2 _ i 

1 + q2 



In order to bring the Lagrangian C into the form £ = 4 
C in terms of the complex coordinate 

X = l{p + ie) , 



ImF - n 



(2.35) 
(2.36) 

(2.37) 
(2.38) 

, as in (j2.7p . we express 
(2.39) 



which is the transformed version of the coordinate x introduced in (j2.2ip . Then, we consider 
all the terms in C that are independent of g'^, and we express them in terms of a function 
F(0)(x), as follows, 

[aep+\ [e^ -p^)] = 4 \inF^^\x) . (2.40) 

This yields 



F(0)(a 



a — 1 



™2 



(2.41) 



2(l + a2) ' 

up to a real constant. It represents the function that is obtained by applying the symplectic 
transformation (I2.33P to F^^\x), as explained at the end of subsection l2.1l Next, we introduce 
the function 

F(x,i;c/2) = f(°)(5) + 2ij](x,l;52) , (2.42) 

This implies that all the g'^- 



with n real, and we require it to satisfy C = A 



\m.F -VL 



dependent terms will be encoded in Q.{x, x; g^). We obtain 

1 



r2(x, x; g 



8(1 + a2) ^2 



1 + a2 + g'^[x + x)2 — \ 1 + + g'^{x — x)2 



(2.43) 



This result gives the function F associated with the reparametrization (|2.33p . We now check 
that it correctly reproduces the relation g = 2 Re , as required by ()2.33p . We compute F^ 
and obtain. 



a X 
IW 



(2.44) 



2(1 + a 



2^ l(^-^)W l^.,2^.2r^_~^2 +(^ + ^)'^ 



1 + q2 + g^{x — x) 



1 + + g^{x + X 
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We leave the following exercise to the reader. 

Exercise 6: Using (pli4|) . verify explicitly that 2ReF£ equals (p^ . 

Now we want to see how Fx is related to Fx ■ According to the discussion around (j2.8p , the 
symplectic transformation ()2.33p of the canonical pair (Rex,Ke Fx) induces a corresponding 
transformation of the vector {x,Fx), 




X + a Fx 



Fx 



(2.45) 



This is indeed the case, as can be verified explicitly by expressing the transformed variables 
(p, e) in terms of the original variables {p,e) using ()2.19p . ()2.36p and (j2.33p . 



/ 1 + g'^p'^ 1 — g'^e'^ 

p = p + aeJ^—^ , e = e-apJj-^^, (2.46) 



and employing the relation 

1 + - g'^e'^ 1 - g'^e^ 



1 + + 5f2p2 1 _)_ g2p2 



(2.47) 



Exercise 7: Verify ()2.45p explicitly using ()2.44p . 



2.2.2 Including a dilaton-axion complex scalar field 

The Born-Infeld system discussed in the previous section possesses a continuous 50(2) duality 
symmetry group. It is possible to enlarge this duality symmetry group to Sp(2, M) by coupling 
the abelian gauge field to a complex scalar field S = $ + ii? [30J. This is achieved by replacing 
g F^y in (I2.14j) with g ^^^^ F^^ and adding a term BF^^F^'^ to the Lagrangian, as follows [30] 



-2 



det[g^y+g^y^F^ 



det^^i^l 



^IBF^^F^'^ 



(2.48) 



Then, the combined system of equations of motion and Bianchi identity for F^jj is invariant 
under Sp(2,R) transformations, provided that S transforms in a suitable fashion. The associ- 
ated Hamiltonian will then be invariant under these transformations. This will be discussed 
momentarily. The coupling g <I>^/^ replaces the gauge coupling constant with a dynamical 
field, customarily called the dilaton field, while the term BF^j^^F^"^ introduces a scalar field 
degree of freedom called the axion. For this reason, S is also called the dilaton-axion field. 

As before, let us consider spherically symmetric static configurations of the form (j2.15p . 
Picking again the r-slice Airr'^ = 1, for convenience, the reduced Lagrangian is now given by 



C{e,p,^,B) = -g-"^ \^/l-g^^e^ y^l + g^^p^ - 1 



+ Bep, 



(2.49) 



where we take g^ ^ < 1 . This reduces to the previous one in ()2.17p when setting S = 1. 
To obtain the associated Hamiltonian 7i, 



'H{p,q,^,B) = qe-C{e,p,^,B) 



(2.50) 
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we first compute q = dC/de, 



Inverting tliis relation yields 



q-Bp 



and substituting in ()2.50p gives 



-2 



l+52[$p2 + $-l (g_5p)2]_i 



Then, expressing $ and 5 in terms of S and S" results in 
n{p,q,S,S) = g'^ 



l + 2g^i:ip,q,S,S)-l 



where 



+ ipq{S - S) +p'^\S^'^ 
5 + 5 



S(p,g,5,5) 



(2.51) 
(2.52) 

(2.53) 

(2.54) 
(2.55) 



Exercise 8: Verify (l23i|) . 

Now we are in position to discuss the invariance of the Hamiltonian under Sp(2, M) trans- 
formations. Consider a general Sp(2, M) transformation of the canonical pair (p, q) given 

t) - (3 ^ (- :) fc) • 

where a,b,c,d € M and ad — be = 1. The latter ensures that the transformation belongs 
to SL(2,M) = Sp(2,M). Then, S given in (j235]) is invariant under ([236]) provided that 5 
transforms according to [8] 

aS — ib 



S 



(2.57) 



ic5 + d 

This explains the role of 5 in achieving duality invariance. It should be noted that 5 does not 
constitute an additional canonical variable, but instead describes a background field. The 
external parameter is inert under these transformations. 

Exercise 9: Show that S is invariant under the combined transformation (j2.56p and (|2.57p . 

We observe that 7i homogeneously as 7^ — )• X^V. under the real scaling {p, q) — > \{p^ <?) > 5^ — ^ 
A-2c,^ 5^5, with A G M. 

Let us now return to the reduced Lagrangian (j2.49p and recast it in the form C = 
4 [ImF — VL\ , where again we introduce the complex variable x = ^ (p + ie) . The function 
F will now depend on the two complex scalar fields x an 5, 



F{x, X, 5, 5; 5^) = (x, 5) + 2\Vl{x, x, 5, S;g'^) , 



(2.58) 



15 



and is determined as follows. The holomorphic function F^^^ encodes all the contributions 
that are independent of 5^, while Q, which is real, accounts for all the terms in the reduced 
Lagrangian that depend on g^. This yields, 

= - iiSx^ , (2.59) 
nix, X, S, S; g^) = | g-^ {jl + h^ {S + S) [x + x^ - ^1 + [S + S) {x - xf 

Observe that under the scaling of {p,q) and g'^ discussed below (I2.57p . e scales as e — >■ Ae, 
and hence x scales as x ^ Ax. This in turn implies that F scales as F — )• }?F. 

From (j2.4p we infer that the canonical pair {p,q) is given by (2Re x, 2Re -F^)- Accord- 
ing to the discussion around ()2.8p . the symplectic transformation ()2.56p of the canoni- 
cal pair (Rex, Re Fa;) induces a transformation of the vector (x,^^;) given by {x,Fx) — s- 
[dx — c Fx, a Fx — bx). Since (j2.56p together with (j2.57p constitutes a symmetry of the 
model, the transformation of F^ must be induced by the transformation of x and S upon 
substitution. We leave it to the reader to verify this. 

Exercise 10: Show that the transformation of x and S (given in (j2.56p and (|2.57p . respectively) 
induces the transformation Fx ^ aFx — bx by substituting x and S with x and S in Fx- 

The reduced Lagrangian (I2.49P describes the system on an r-slice 47rr^ = 1. Another 
background leading to a similar reduced Lagrangian, and hence to a similar description in 
terms of a function F, is provided by an AdS2 x S'^ spacetime. 

Exercise 11: Consider the Born-lnfeld-dilaton-axion system in an AdS2 x S'^ background and show 
that, after performing a suitable rescaling of g,e and p, the resulting reduced Lagrangian is again 
encoded in (f239D . 

2.2.3 Towards N = 2 supergravity models 

In the Born-Infeld example discussed above, the duality symmetry of the model was enlarged 
by coupling it to an additional complex scalar field S. This feature is not an accident. In 
the context of = 2 supersymmetric models, it is well known that the presence of complex 
scalar fields is crucial in order for the model to have duality symmetries. To explore this in 
more detail, let us broaden the discussion and consider functions F that depend on three 
complex scalar fields (with / = 0, 1,2), as well as on an external parameter r]. They will 
have the form 

F{Y, Y-r,) = -\ ^^-^P^ + 2\n{Y, Y; r,) . (2.60) 

The function F describing the Born-lnfeld-dilaton-axion system, given in (j2.58p . is a special 
case of (j2.60p . It is obtained by performing the identification 5 = —lY^/Y^, x = Y^ and 
rj = g^. This identification is consistent with the scaling properties of x, S and g^ discussed 
below (j2.57p . Namely, by assigning the uniform scaling behavior Y^ — > XY^ to the Y^, 
we reproduce the scalings of x,S and g^. The function (12.60p may, however, also describe 
other models, such as genuine N = 2 supergravity models and should thus be viewed in 
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a broader context. Depending on the chosen context, the external parameter rj will have 
a different interpretation. Observe that in the description (|2.60p based on the , duality 
transformations are represented by Sp(6,M) matrices (which are 6x6 matrices of the form 
(j2.3p ) acting on {Y^,Fj), where Fj = dF{Y,Y]r])/dY^ . The external parameter rj is inert 
under these transformations. 

Let us now assume that a model based on (j2.60p has a symmetry associated with a 
subgroup of Sp(6, M). This will impose restrictions on the form of Q |18tl21|. For concreteness, 
we take the symmetry to be an SL(2,R) x SL(2,M) subgroup. The first SL(2,M) subgroup 
acts as follows on {Y^,Fj), 



yO 
y2 



clY'^ + cY^, Fo 
aY^ + bY^, Fi 
dY^-cF2, F2 



aFo 
dFi 
aF2 



bFi , 
cFo , 



(2.61) 



where a, 6, c, d are real parameters that satisfy ad — he = 1. This symmetry is referred to as 
S-duality. Let us describe its action on two complex scalar fields S and T that are given by 
the scale invariant combinations S = —\Y^/Y^ and T = —lY'^/Y^. The field S is the one we 
encountered above. The S-duality transformation (j2.6ip acts as 



S 



aS — ib 



2ic 



y° ^ As y° 



icS + d ' ^ ' ^ ' As (y0)2 dT 
where we view $7 as function of 5, T, Y^ and their complex conjugates, and where 

As = d + icS" . 



(2.62) 



(2.63) 



The second SL(2, M) subgroup is referred to as T-duality group. Here we focus on the T- 
duality transformation that, in the absence of il, induces the transformation T 2/T. It is 
given by the following Sp(6,M) transformation, 



yO 

yi 

y2 



and yields 



5^5 + 



AT(yo)2 



-Y' 



-Fo , 
Y\ 



an 



Fo 
Fi 
F2 



h T — 



-yi 
yo, 
F2 , 



T 
At 



(2.64) 



y° ^ At y° , 



where 



An 



1 ^2 2 on 

It^ -I 

2 ^ (yo)2 ds 



(2.65) 



(2.66) 



As already mentioned below (I2.30p . when a symplectic transformation describes a sym- 
metry of the system, a convenient method for verifying this consists in performing the substi- 
tution y^ Y^ in the derivatives Fj, and checking that this substitution correctly induces 
the symplectic transformation of Fj. This will impose restrictions on the form of F, and 
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hence also on 0. Imposing that S-duahty ()2.6ip constitutes a symmetry of the model (j2.60p 
results in the following conditions on the transformation behavior of the derivatives of il. |21j . 



fdny 



As^ ( 



[dSj dS 



on 



IC 



dn\'- 

dY^ 2As \ df ) 



+ 



2ic /dn 



- 



g dYO As(r0)2 \dT 
while requiring (I2.64P to constitute a symmetry imposes the transformation behavior [21 



2.67) 



dS ' 



dn 

dS 

f^V =(A.-T^)- + 



TY^ 



on 



dYOj^ 



Y"^ 



on 



+ 



on 



dYO At dS 



-Y' 



on 



+ T- 
dYO ^ dT 



(2.68) 



These equations allow for various classes of solutions. For instance, if we only impose S- 
duality invariance, then an exact solution to the S-duality conditions ()2.67p is 



n{S,S,Y^,Y^;r]) = r/ [in + In yO + ln(5 + 5)] 



(2.69) 



which is invariant under (j2.62p . If, on the other hand, we impose both S-duality and T-duality 
invariance, solutions to both (I2.67P and (|2.68|) may be constructed iteratively by assuming 
that n is analytic in t] and power expanding in it, so that 



17(y,F;r?) = £r/"17W(y,y) 



n=l 



Then, at order rj, the differential equations (j2.67p reduce to 



'dn^y _ dnw 



Y 



dT / 

'dn^ 

dS 

odO^ 



dT 



■ Y' 



2 dnw 

[ . 

dn^ 
dY^ ' 



+ 



5(As2) 



dS 



2-^ 



dn^ 

QyQ 



(2.70) 



(2.71) 



while the differential equations (|2.68p reduce to 



d9^ 

dS 

'dn^ 

dT 



T 



T 



90W 
dS 



lrp2 
2^ 



dT 



QyO 
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(2.72) 



Once a solution Q^^^ to these equations has been found, the fuh expression (I2.70|) 



can be 



constructed by solving (|2.67p and (12.68P iteratively starting from 

As an application, let us return to the Born-Infeld-dilaton-axion model ()2.59p which, 
as we already mentioned, is a model of the form (j2.60p that scales as F — t- X'^ F under 
XY^ with A G R (see below (j239p V Let us first check that both S- and T-duality 
constitute invariances of the model. We recall that x = Y'^. The S-duality transformation 
(|2.6ip precisely induces the transformations (j2.56p and (|2.57p . since {p,q) = (2Rex, 2ReFa;). 
The T-duality transformation (|2.64p leaves {x,Fx) invariant. By expressing given in (|2.59p 
in terms of S,T and Y^ (and their complex conjugates), we see from ()2.65p that also S is 
invariant under this T-duality transformation, since Y^dQ/dY^ = TdCl/dT. Consequently, 
the Hamiltonian ()2.54p is also invariant under ()2.64p . 

Now consider expanding ()2.59p in powers of g^. To first order we obtain 



It is invariant under both (j2.6ip and (|2.64p to lowest order in g'^, and it is straightforward to 
check that (j2.73p indeed satisfies the differential equations ()2.7ip and (|2.72p . We note that 
under the aforementioned scaling Y^ — t- XY^ , Q^^^ scales as Q^^^ X^Q^^\ This scaling 
behavior is thus very different from the one encountered in supergravity models, such as 
those considered in \18\ I21j. where the function F scaled homogeneously as F ^ X? F, but 
the associated ri*-^-* did not scale at all. This difference is due to the fact that in these models, 
the external parameter rj scaled as 77 — )• r/, while in the Born-Infeld-dilaton-axion model it 
scales as — > A~^ rj. 

Thus, we see that the actual solutions to (|2.67p and ()2.68p depend sensitively on the scaling 
behavior of the Y^ and r/. For instance, the solution (|2.69p does not exhibit a homogeneous 
scaling behavior under Y^ — ?> XY^ . In the next subsection, we further analyze some of the 
consequences of this scaling behavior. 

2.3 Homogeneous F(x, rf) 

The theorem in subsection 1 2 . 1 1 did not assume any homogeneity properties for F. Here we will 
look at the case when F is homogeneous of degree two and discuss some of its consequences. 
As shown in the previous subsections, an example of a model with this feature is the Born- 
Infeld-dilaton-axion system. 

Let us consider a function F{x,x;rj) = F^^\x) + 2iQ{x, x;rj) that depends on a real 
external parameter rj, and let us discuss its behavior under the scaling x — > A x , r/ — t- A"^ rj 
with A G M. We take (x) to be quadratic in x, so that F^o) scales as (A x) = X^ (x). 
This scaling behavior can be extended to the full function F if we demand that the canonical 
pair (0, vr) given in ()2.4p scales uniformly as (</>, vr) X (</>, tt). Then we have 



5^(1) ^ 1 |y0|4(^^^)2|^ 



(2.73) 



F(Ax,Ax;A"7/) = X^F{x,x;r]) 



(2.74) 
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which results in the homogeneity relation 



2F = Fi + x' F^ + mriFrj , (2.75) 

where = dF/drj. Inspection of (j2.9p shows that the associated Hamiltonian H scales with 
weight two as 

H{X^,XTT;X"'ri) = H{^,tt;7]) , (2.76) 
so that H satisfies the homogeneity relation, 

, dH dH dH , 

Using (|2.9|) as well as yi = Fi, this can be written as 

H = i{x'F,-x^F^ + ^V^. (2.78) 
Next, using that the dependence on r] is solely contained in Q, we obtain 

— U ---I --4^^ (2 79) 

where 0^ = dQ/drj. Thus, we can express (j2.78p as 

H = i{x' Fi- x' F:i) -2mr]n^ . (2.80) 

This relation is in accordance with (12. 7p upon substitution of the homogeneity relations 
2jp{0) (2;) = x' and 2 = x'^i + x'flj + mr]Q.^ that fohow from (I275D . 

The Hamiltonian transforms as a function under symplectic transformations. Since the 
first term in (|2.80p transforms as a function, it follows that il^ also transforms as a function. 
This is in accordance with the general result quoted at the end of subsection 12.11 which states 
that drfF transforms as a function. 

An application of the above is provided by the Born-Infeld-dilaton-axion system based on 
(|2.59p . whose function F scales according to ()2.74p with m = —2 (in this example, rj = g^). 

In certain situations, such as in the study of BPS black holes [3l], the discussion needs to 
be extended to an external parameter r/ that is complex, so that now we consider a function 
F{x,x;7],fi) = F^^\x) + 2iQ{x, x;r],f]) that scales as follows (with A G M), 

F{X X, X x; A™ 7], A™ f/) = A^ F{x, x; rj, fj) . (2.81) 

For instance, in the case of BPS black holes, r] is identified with T, which is complex and 
denotes the (rescaled) lowest component of the square of the Weyl superfield. The extension 
to a complex r] results in the presence of an additional term on the right hand side of (|2.75p 
and ([27771) . 

2F =x' Fi + x' Fj + m{r]F^ + f]Ffj) , 

dH dH ( dH dH\ 
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and hence 



■ i-^-r^ i dH _dH\ 



(2.83) 



Then, since the dependence on r/ and ry is solely contained in 0, we obtain 



H = \{S? Fi- F^) -2m{r]Qn + finfi) ■ 



(2.84) 



This is in accordance with ()2.7p upon substitution of the homogeneity relations 2^^^^ (x) 



X* fP and 2 = x'Qi + + m (r/ 0^ + ry 17^^) that follow from The case of BPS 

black holes mentioned above corresponds to m = 2 [HI [21] . 

The above extends straightforwardly to the case of multiple real external parameters. 

3 Lecture II: Duality covariant complex variables 

As already discussed, the function F{x, x) may depend on a number of external parameters 
r]. Under duality transformations ()2.8p . the symplectic vector (x*, -Fi(x, x)) transforms into 
(x*, -Fj(x, x)), while the parameters r] are inert. When expressing the transformed variables 
X* in terms of the original x*, the relation will depend on rj, i.e. x* = x*(x,x,ry). In this 
section we introduce duality covariant complex variables f whose duality transformation law 
is independent of rj. These variables constitute a complexification of the canonical variables 
of the Hamiltonian and ensure that when expanding the Hamiltonian in powers of the ex- 
ternal parameters, the resulting expansion coefficients transform covariantly under duality 
transformations. This expansion can also be organized by employing a suitable covariant 
derivative, which we construct. The covariant variables introduced here have the same dual- 
ity transformation properties as the ones used in topological string theory and can therefore 
be identified with the latter. 

We begin by writing the Hamiltonian H given in (j2.7p in the form 



H = -i{x'F^^^ - x'Ff )) - 4Im[F(°) - \x' f'>'^^] - 2 [2f] - (x^ - x%VLi - 0,)] , (3.1) 



where we made use of (|2.5p . We take r2(x, x; r/) to depend on a single real parameter r/ that is 
inert under symplectic transformations. The discussion given below can be extended to the 
case of multiple real external parameters in a straightforward manner. For later convenience, 
we introduce the notation f]^ = dQ,/dr],Frjj = d'^F/drjdx^ , etc. 

The Hamiltonian (13. ip is given in terms of complex fields x* and x* whose transformation 
law under duality depends on the external parameter rj. Now we define complex variables 
whose transformation law does not depend on r], as follows. We introduce the complex 
vector [t^,F^^\t)) and equate its real part with the vector comprising the canonical variables 



(,/.^7^,) ilOj 



2Ref = (/)' . 
2Re Fj;^\t) =7Ti . 
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This definition ensures that the vector (f, Fi^\'t)) describes a complexification of ((/>*, vTj) that 
transforms in the same way as ((/>*, vTj) under duahty transformations, namely as in (j2.2p . This 
yields the transformation law 

f = U'jt^ + Z'^F^it) , (3.3) 

which, differently from the one for the x*, is independent of t]. 
Using (j2.4p . the new variables f are related to the by 

2Ref =2Rea;* , 
2Re ^ (t) = 2Re Fi{x,x;7]) . (3.4) 

Now we consider the series expansion of H in powers of ry. If the expansion is performed 
keeping and fixed, the resulting coefficients functions in the expansion do not have a 
nice behavior under sympletic transformations because of the aforementioned dependence of 

on rj. This implies that the coefficient functions at a given order in rj will transform into 
coefficient functions at higher order. This can be avoided by performing an expansion in 
powers of rj keeping f and f fixed instead. We obtain 
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^ = E^/^"^ (3-5) 



n=0 



where the coefficient functions 



/(")=9;//(t,i;r/) (3.6) 

r?=0 

transform as functions under symplectic transformations, i.e. f^'^\i,i) = f^'^\t,t). Viewing 
them as as functions of Ret* and of TlieFj^^\t), we can re-express them in terms of and 
X* using (j3.4p . as follows. First we introduce a modified derivative jSj |33] that has the 
feature that it annihilates the canonical variables {(p^,7ri), so that 

Vr^{Rex')=0 , Vr,(ReFi) = 0. (3.7) 

We then use V^^ to expand H in powers of rj while keeping Re and Re Fi fixed, 

^ = E ^ ^^"^ ' (3-8) 

n=0 

where the coefficient functions are given by 

H^'''> =V"H{x,x;i]) . (3.9) 

J7=0 

By comparing (13. Sp with ()3.8p . we conclude that /^"^ = H^^\ so that the symplectic coefficient 
functions /^-"^ can be expressed as 

f^^^ = d;H{t,t;v) _ =V;Hix,x;v) _ . (3.10) 



77=0 



r]=0 



22 



The modified derivative used in the expansion is given by 

where A^*-' denotes the inverse of 

Nij = — i [Fjj — — Fij + Fjj] . 
Using (j2.5p . the above can also be written as 

with 



(3.11) 



(3.12) 



(3.13) 



■ Nij + 4Re {^lij - Q 



.(0) 



(3.14) 



Observe that N^j is a real symmetric matrix. 

Exercise 12: Verify (fSTl) . 

We now give the first few terms in the expansion of H. We choose to evaluate them using 
()3.9p . Expanding in a power serieJl in rj, 



n 

n(x,x;ri) = y -^-0(")(x,x) 



n=l 



(3.15) 



we obtain 



(0) 



(0)i 



(3.16) 



n^l^ + c.c. ) ( n 



(1) 



+4 



plm ' plrh 



Observe that at any given order in r/, there is no distinction between and t*, so that in 
(j3.16p we may replace x* everywhere by t*. 

The expansion (j3.8p yields expansion functions that are symplectic functions. This implies 
that acts as a covariant derivative for symplectic transformations. This can be verified 
explicitely and is done in appendix |Bl where we show that if a quantity G{x, x; rf) transforms 
as a function under symplectic transformations, then so does T>r^G. In particular, applying 
T>n to H yields the relation 

dr^H{t, t; r]) = V^H{x, x; r/) , (3.17) 



^Note that here we have chosen a different normalization for the D,^"^ compared to the one in (|2.70|l . 
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where the right-hand side defines a symplectic function. More generally, applying multi- 
ple derivatives on any symplectic function depending on and x^, will again yield a 
symplectic function. As an example, consider applying and on (j3.ip . 

'DriH(x, x;rj)= — 4 dri^{x, x; rf) , 

V^Hix, x;rj)= - A Id^Q - 2 N'^drjtOi dr^ioj] , (3.18) 

where = fij — fij. According to the above, both these expressions transform as functions 
under symplectic transformations. For the first expression this is confirmed by the result 
(|A.20p which shows that drj^ transforms as a function. The second expression shows that, 

2 

while 9^r2 does not transform as a function, there exists a modification that can be included 
such that the result does again transform as a function. Expressions like these were derived 
earlier in a holomorphic setup O [33]. Furthermore, we note that the differential operators 
P*, defined by 

are mutually commuting, and they also commute with V^, 

[V\V^] = [V\Vr^] = . (3.20) 

Exercise 13: Verify ([SJO]). 

As already mentioned, it is possible to extend the above to the case of several independent real 
parameters 7],ri' ,?]",.. .. In that case the additional operators, V^j', etc., will also commute 
with the operators considered in (|3.20p . 

Obviously, when imposing the restriction rj = on the functions "D^H, they reduce to the 
expressions for the obtained in (I3J6I1 . This can be explicitly verified for the functions 
given in ()3.18p by comparing them to the expressions in ()3.16p . 

Let us return to the relation (j3.2p and discuss it in the light of phase space variables. 
As mentioned in subsection 12.11 we view ((/>*, vTj) as coordinates on a classical phase space 
equipped with the symplectic form diTi A d(j)'^ . Let us express the symplectic form in terms of 
the f using ([32]), 

dTTi A = i Nij df A dP , (3.21) 

with Nij given in (|3.14p . This relation may be interpreted as a canonical transformation 
from variables ((/>*, vTj) to (t*,t*) which is generated by a function S that depends on half of 
all the coordinates. We take S to depend on and f. We determine it in the linearized 
approximation by expanding Nij around a background value t^. Performing the shift 

f 4 + t' , ? ^ t% + ? , (3.22) 
and keeping only terms linear in the fluctuations and t^, we obtain from (j3.2p . 

7Ti=F^f{tB)P +Fj^\iB)P , (3.23) 
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where we absorbed the fluctuation independent pieces into the definition of {(p'^TTi). Then, 
expressing vTj in terms of and 

TTi = \Nij{tB,tB) + F§\tB) (tP , (3.24) 

and introducing the combination 

Pi = -iNi,{tB,tB) {(jy' - t') , (3.25) 

yields 

diTi A (i</>* = i Nij {tB,tB) df A dP = dPi A df . (3.26) 
Hence, the 1-form tTj d<l)^ — Pi df is closed, so that locally, 

TTi dcf)' - Pi df = dS , (3.27) 

where S{<j), t) is called the generating function of the canonical transformation. Then, inte- 
grating this relation yields the following expression for the generating function S'((/), t; t^, ie) 
[231 [Ml [25], 

S{4>,t;tB,tB) = \F^j\tB)4>'(ty' + '^N,j{tB,tB)4>H^ - ^iNij{tB,tB)tH^ +c{tB,tB) , (3.28) 

where c denotes a background dependent integration constant. Observe that S{(j), t; tB,tB) is 
holomorphic in the fluctuation t and non-holomorphic in the background tB- The generating 
function S{(j),t;tB,iB) plays a crucial role in the wave function approach to perturbative 
topological string theory. This approach represents a concise framework |22[ [23l [Mj [25l |26] 
for deriving the holomorphic anomaly equation of topological string theory |35l I36j . and will 
be reviewed in appendix O 

4 Lecture III: The Hesse potential and the topological string 

In the previous sections we showed that the dynamics of a general class of Lagrangians is 
encoded in a non-holomorphic function F of the form given in (jl.2p . This function F may 
depend on a number of external parameters r/. We expressed the associated Hamiltonian in 
terms of duality covariant complex variables and showed that in these variables, the expansion 
of the Hamiltonian in a power series in rj yields expansion coefficients that transform as 
functions under duality. In this section we apply these techniques to supergravity models in 
the presence of higher-curvature interactions encoded in the square of the Weyl superfield [21 
[5]. We consider these models in an AdS2 x S'^ background. The Hamiltonian (j2.7p associated 
to the reduced Lagrangian is a (generalized) Hesse potential. The Hesse potential plays a 
central role in the formulation of special geometry in terms of real variables [3 [T^ \T5\ 116] , 
The external parameter r], which is now complex, is identified with the lowest component 
field of the square of the Weyl superfield. 

We begin by reviewing the computation of the Wilsonian effective Lagrangian in an 
AdS2 X S"^ background [271 [2H] and relate it to the presentation of section [2l We then general- 
ize the discussion to the case of a function F of type ()2.5p with a non-harmonic il. We express 
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the Hesse potential in terms of the aforementioned duahty covariant complex variables, and 
expand it in powers of rj and fj. This reveals a systematic structure. Namely, the Hesse 
potential decomposes into two classes of terms. One class consists of combinations of terms, 
constructed out of derivatives of Q, that transform as functions under electric/magnetic du- 
ality. The other class is constructed out of Q and derivatives thereof. Demanding this second 
class to also exhibit a proper behavior under duality transformations (as a consequence of the 
transformation behavior of the Hesse potential) imposes restrictions on $7. These restrictions 
are captured by a differential equation that equals half of the holomorphic anomaly equation 
encountered in perturbative topological string theory. 

4.1 The reduced Wilsonian Lagrangian in an AdS2 x S'^ background 

We consider the coupling of = 2 vector multiplets to = 2 supergravity in the presence of 
higher-curvature interactions encoded in the square of the Weyl superfield [21 [5j. We use the 
conventions of = 2 supergravity, whereby the vector multiplets are labelled by a capital 
index / = 0, . . . ,n (instead of the index i used in the previous sections). The degrees of 
freedom of a vector multiplet include an abelian gauge field and a complex scalar field, and 
these will thus carry an index /. We denote the complex scalar fields by . The square of 
the Weyl superfield has various component fields. The highest component field contains the 
square of the anti-selfdual components of the Riemann tensor, while the lowest one, denoted 
by A, equals the square of an anti-selfdual tensor field. Below we will find it convenient to 
work with rescaled complex fields and T, which are related to the and A by a complex 
rescaling [M] . 

First we evaluate the Wilsonian effective Lagrangian of these models on a field config- 
uration consistent with the S0(2, 1) x S0(3) isometry of an AdS2 x 5^ background. The 
spacetime metric 5^,^ and the field strengths Ffj_,^^ of the abelian gauge fields are given by 

ds^ = vi(^-r^ dt^ + ^^+V2 (d9^ + sin2 9 dy,^^ , 

Frt' = e', Fe/=/sin0. (4.1) 

The 0-dependence of Fg^p^ is fixed by rotational invariance and the denote the magnetic 
charges. The quantities vi,V2,e^ and are all constant by virtue of the S0(2,l) x S0(3) 
symmetry. 

It is well-known [2] that the Wilsonian Lagrangian C is encoded in a holomorphic function 
F{X,A), which is homogeneous of degree two under the scaling discussed in (I2.74|) . i.e. 
F(AX,AM) = X^F{X,A). Evaluating the Wilsonian La grangian in the background ()4.ip 
and integrating over ^32j, 

= j dOd^ \/\g\^, (4.2) 

yields the reduced Wilsonian Lagrangian which depends on and p^ , on the rescaled fields 
and T, and on vi and V2 through the ratio U = Vi/v2- 
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In the following, we will restrict to supersymmetric backgrounds, for simplicity, in which 
case [7 = 1 and T = —64 [M]. Then, the reduced Wilsonian Lagrangian reads p71 [28]. 



7-(e,p, y, Y- T, T) = - li {Fij - Fjj) [e' - //) - i {Fij + F/j) eV 
+ \ie' [Fi + FijY^ - h.c.) - [Fi - FijY^ + h.c. 
+ i (F - y^Ff + iFjjy^W - h.c.) , (4.3) 

where T = T = —64 and Fi = dF/dY^ , Fjj = d^F/dY^dY'^ , etc. Introducing the complex 
scalar fields = \{p^ + ie^) of section [2.2.11 (see (I2.29P ). the reduced Lagrangian becomes 
a function of two types of complex scalar fields, namely the that incorporate the electro- 
magnetic information, and the moduli fields YK 

Now we recall that in an AdS2 x 5^ background the electro/magnetic quantities appearing 
in ()4.ip are related to the moduli fields Y^ . When the background is supersymmetric, the 
relation takes the form [37] 

x^ = iY^ . (4.4) 

In the context of BPS black holes, the real part of this equation yields the magnetic attractor 
equation. Then, using (j4.4p . the reduced Wilsonian Lagrangian becomes equal to 

F(y,y;T,T) = -2ImF(y,T) , (4.5) 

with T = T = -64. 
Exercise 14: Verify 

Let us reformulate the reduced Lagrangian (|4.5p . which is based on a holomorphic func- 
tions F(y, T), in terms of the function F(y, Y; T, T) = F'^^\Y) + 2iJl(y, Y; T, T) introduced 
in section [2J This is achieved by using the equivalence transformation (|2.6p . Writing the 
holomorphic function F{Y, T) as F{Y, T) = F^^\Y) - g{Y, T) and applying (fZel) . we obtain 
= —Img{Y,T). Thus, at the Wilsonian level, J7 is a harmonic function, and the reduced 
Lagrangian can be expressed as 

F(y, y ; T, T) = - 2 [lmF(°) (Y) + n{Y, Y; T, T) 

= - 2 [lmF(y, y ; T, T) - n{Y, Y; T, T)] , (4.6) 

with T = T = -64. Both F(o) and ft are homogeneous functions of degree two, so that 
F{XY,XY;X'^T,X'^f) = X'^ F{Y,Y;T ,f). 

The reduced Lagrangian (|4.6p agrees with the one in (|2.7p , up to an overall normalization 
factor of —2. In the following, we rescale (|4.6p by this factor, so that from now on 

F(y, y ; T, T) = 4 [lmF(y, Y; T, T) - n{Y, Y; T, t)] . (4.7) 



Using ([0|) . we infer that = -i [Y^ - Y^) and = Y^ + Y^. According to ([2^ . on 
the other hand, the real part of Y^ plays the role of the canonical variable (f)^ , so that we 
have 4>^ = . We may thus view J-" as a function of and 0^, and consider its Legendre 
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transformation either with respect to or with respect to (j)^ . Performing the Legendre 
transformations with respect to the , i.e. H = T — p^ ttj, results in 



dp^ 



Fi + Fj 



(4.8) 



and hence 



n =i 



Fj - Fi 



+ 2 



2VL- Y^rii - Y^VLj 



yl piO) 



I Z7(0) 



Y' F, 



+ 2 



2n- (Y^ -Y^){ni -rij] 



(4.9) 



which is the anafogue of the Hamiltonian (j2.7p (up to an overah sign difference in the definition 
of both quantities). In the context of BPS black holes, 7i denotes the BPS free energy of the 
black hole. When viewed as a function of (f)^ and irj, T-L{(j),T:) is called the Hesse potential. 
Exercise 15: Verify (gS]). 

On the other hand, performing the Legendre transformations with respect to the cj)^ , i.e. 
S = F — 4)^ qj, results in 

(4.10) 



and hence 



Y^ Fj - Y^ Fi 



+ 2 



2n-Y^ni - Y^nj 



i(y^ Ff^ - Y' F'j"') + 2 2n-{Y' +Y'){nj + Qj) 



rl 77(0) ^ 



(4.11) 



In the context of BPS black holes, ()4.10p is the electric attractor equation, and S denotes the 
black hole entropy when viewed as function of p^ and qj |34] . 

Exercise 16: Verify (f4TT]) . 

The entropy S can be obtained from the Hesse potential by a double Legendre transfor- 
mation with respect to ((/>^,7r/) [8], i.e. 



S{p,q) = T-L{(I),-k) +7^1 p^ - (j)^ qi 
with p^ = —dT-L/di:! and qi = dH/dcj)^ . 



(4.12) 



4.2 The reduced low-energy effective action in an AdS2 x S"^ background 

When passing from the Wilsonian to the low-energy effective action, non-holomorphic terms 
emerge that are crucial for maintaining duality invariances [T7], and that therefore need to 
be incorporated into the framework of the previous subsection. In the following, we assume 
that these terms can be incorporated into O by giving up the requirement that is harmonic. 
We take the reduced low-energy effective Lagrangian and the associated Hesse potential to 
be given by ()4.7p and ()4.9p . respectively, but now based on a non-harmonic Vt. 

The Hesse potential (|4.9p is given in terms of complex scalar fields Y^ and Y^ . Under du- 
ality transformations, the scalar fields Y^ transform into Y^ = Y^ {Y, y, T, T) (and similarly 
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for the Y^), as discussed in section [3l In order to obtain expansion coefficients that have 
a proper behavior under duahty when expanding H in powers of T and T, we first express 
Ti in terms of the duahty covariant complex coordinates introduced in section [3j This can 
be achieved by iteration, and the result for the Hesse potential in the new coordinates then 
takes the form of an infinite power series in terms of ^1 and its derivatives. We explicitly 
evaluate the first terms in this expansion up to order $7^. This suffices for appreciating the 
general structure of the full result. The actual calculations are rather cumbersome, and we 
have relegated some relevant material to appendices [D] and [Ej The expression for the Hesse 
potential, given in ()4.29p . consists of a sum of contributions 'hI"'\ each of which transforms as 
a function under symplectic transformations. The function Ti^^^ is the only one that contains 
n, while all the other Tif^^ contain derivatives of Using that ^^^^ transforms as a function 
under symplectic transformations, we determine the transformation law of fi, which is given 
in (j4.32p . In the following, we present a detailed derivation of these results. We suppress the 
superscript in F^^^ for the most part, for simplicity. 

The Hesse potential Ti is defined in terms of the real variables {(f)^ jTTj), whose definition 
depends on the full effective action. These may be expressed in terms of the duality covariant 
variables introduced in (|3.2|) . and which will be denoted by in the following. Inspection 
of (j3.4p shows that these new variables are such that they coincide precisely with the fields 

that one would obtain from (</>^,7r/) by using only the lowest-order holomorphic function 

2Re3^^ = 2Rey^ 
2ReFf^(3^) =7r/ = 2ReF/(y,y;T,T) . (4.13) 

Since the relation between the new variables and the real variables {(f)^,TTj) depends only 
on F^^^ , their duality transformations will not depend on the the details of the full effective 
action. Under symplectic transformations they transform according to, 

y' = u'jy' + z'J Ff\y) = So'j{y) y' , (4.i4) 

where 

So'jiy) = U'j + Z'^'F^jiy) . (4.15) 

At the two-derivative level, where i7 = 0, we have y^ = Y^ , but in higher orders the 
relation between these moduli is complicated and will depend on Q. Hence we write y^ = 
Y^ + AY^ , where AY^ is purely imaginary. Writing F = + 2iO, we will express (|4.14p 
in terms of -F*-*^^ and O, so that we can henceforth suppress the superscript in F^^\ Hence, in 
the following, F will denote a holomorphic homogeneous function of degree two. Therefore it 
is not necessary to make a distinction between holomorphic and anti-holomorphic derivatives 
of this function. The equations (j4.13p can then be written as, 

Fi{y - AY) + Fi{y + Ay) - Fi{y) - Fi{y) = 

- 2i [ni{y -AY,y + AY) - nj{y -AY,y + ay)] . (4.16) 
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Upon Taylor expanding, this equation will lead to an infinite power series in ISY^ . Retaining 
only the term of first order in /SY^ shows that it is proportional to the first derivative of il. 
Proceeding by iteration will then lead to an expression for AY^ involving increasing powers 
of Q. and its derivatives taken at = . Here it suffices to give the result of this iteration 
up to fourth order in 0, 



^^^) {nj - 



AY^ =2{n^ - n^) 

- 2i(F + - nj){nK - ^k) - 8Re(0^'^ 

+ |i [{F - Py-^^^ + 3i(F + fY^^\F + F)m^^] 

X {Qj-nj){nK-nji){nL-ni) 

+ 8i [2 {F + FY-^KRe{Q^^ - n^^) + Re(fi^^ - Q^^){F + F)k^^ 

X {nj -^j){^L-^i) 

Here indices have been raised by making use of A^^*^, which denotes the inverse of 

Njj = 21mFij, 



(4.17) 



(4.18) 



where we stress that all the derivatives of F and Q are taken at Y^ = and Y^ = y^ . 
Furthermore, we obtain the following expression for the Hesse potential ()4.9p . 



n{y,y) 



+ 4 



i[y^Fi{y)-y^Fi{y)] + 4niy,y) 

y^{Fj{Y) - Fj{y)) + AY^Fj{Y) - h.c. 

n{Y, Y) - n{y, y) + ay^ {ni{Y, y) - Oj(y, y)) 



(4.19) 



Here we made use of (I4.16P at an intermediate stage of the calculation. Again this result 
must be Taylor expanded upon writing Y^ = y^ — AY^ and Y^ = y^ + AY^ . The last two 
lines of (|4.19p then lead to a power series in Ay, starting at second order in the Ay, 



n{y,y) 



WFj{y)-y^Fi{y)] + An{y,y) 



NijAY^AY-^ - |i(F + F)/ji^ Ay^Ay-^Ay^ 



- 4Re(l^/j - 17^j)Ay' Ay-^ + \\{F - F)ijkl^Y' AY-' AY"^ AY 
+ |ilm(0/ji^ - 30jj^)Ay^Ay^Ay^ + • • • . 



(4.20) 



Inserting the result of the iteration (j4.17p into the expression above leads to the following 
expression for the Hesse potential, up to terms of order Q,^, 

n{y,y) = -i[yFj{y)-y^Fj{y)] + An{y,y) 

- 4 N^-^uji ujj + |i(F + F) ijkN^^N-^^N^^ujl ujm wjv 

- |i[(F - F)jjKL + 3i(F + F)urN'^Hf + F)skl] 
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- filmifluK -3njjji)N^^N'^^N^^ujL(VMUJN + 0{n^) , (4.21) 

where ujj = Q,j — Qj, and where we also made use of N^"^ , which is the inverse of the real, 
symmetric matrix Njj given in (j3.14p . namely 

Nij = iV/j + 4 Re(0/j - Uij) . (4.22) 

Upon expanding N^'^ we straightforwardly determine the contributions to the Hesse potential 
up to fifth order in fi, 

n ='H\n=o + An-4 N^-^iQiQj + n^Qj) + 8 N^-^Qr^j 

- 64iV-^^Re {npQ - Qpq) N'^^Re {9.rk - ^rr) ^^'^ i^i^J + ^i^j - ^niQj) 

+ 64(F + F)ijKN^^N-^^^N^PRe {^pq - l^pg) N^^ lm{nL^M^N - 317^17^%) 

- |i[(F - F)ijKL + 3i(F + F)fi(,jiV«^(F + F)kl)s]N'^'N-'''n''''n'^'^ 

X Re (TIm^n^p^q ~ ^^m^n^p^q + 3Q,m^n^p^q) 
+ flm{nijK - 3njjji)N^^N-^^^ N^^ ImininM^N - ^Ql^m^n) + C>{n^) . (4.23) 

We stress once more that this expression is taken at = . 

The expression (j4.23p gives the Hesse potential in terms of the duality covariant variables 
and y^ , up to order Q^. It takes a rather complicated form, even at this order of ap- 
proximation. Nevertheless, it will turn out that there is some systematics here. First of all, 
the Hesse potential (j4.23p transforms as a function under duality transformations acting on 
the fields y^ . This in turn enables one to determine how Q should transform. Clearly, when 
$7 = the Hesse potential transforms manifestly as a function. In general the transformation 
behaviour of must be rather complicated in view of the non-linear dependence of the Hesse 
potential on 17. To evaluate this transformation, we have to perform yet another iteration 
procedure. 

To demonstrate how this iteration proceeds, let us have a look at the first few steps. 
Consider the expression (j4.23p at first order in fl. At this order, 17 must transform as a 
function, since both H and ?^|r2=o transform as functions. This implies that 

n{y,y) =n{y,y), 

= [So'Viiy) ^j{y, y) • (4.24) 

Now consider the terms of order in (j4.23p . Applying the transformation given in the 
second line of (j4.24p to these terms and demanding T-L to transform as a function, shows that 
the result given in the first line of (j4.24p must be modified to 

Q = n- i{Z^^ O/fij - Z^^ f7jOj) + 0{n^) , (4.25) 
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which in turn gives rise to the following result for derivatives of fi, 



^ij = [^o ^Y"^ i[Sq ^kl — Fklm ^o^'^^n + 0{Q'^) , 

^ij- = [SoYiiSo'fj^KL + 0{n') , (4.26) 
where the symmetric matrix Zq'^ is defined hy 

Z^' = [S^'YkZ^-'. (4.27) 

Here we made use of the relations, 

[So'Yk [Sofj = S'j - iZI'^Nkj , 

Nij = [SoYi[So'fjNKL, 
dZi^ = - Zi"" 6Fkl Zt^ , (4.28) 

which are independent of Q. 

This iteration can be continued by including the terms of order Q"^, making use of (|4.26|) 
for derivatives of f], to obtain the expression for Cl up terms of order Q,'^. In the next iterative 
step one then derives the effect of a duality transformation on Q up to terms of order Q^. 
Before presenting this result, we wish to observe that terms transforming as a proper function 
under duality, will not contribute to this result. This is precisely what already happened 
to the ri-independent contribution to the Hesse potential, which decouples from the above 
equations. As it turns out there actually exists an infinite set of contributions to the Hesse 
potential that transform as functions under duality. By separating those from (j4.23p . we do 
not change the transformation behaviour of $7, but we can extract certain functions from the 
Hesse potential in order to simplify its structure. We obtain 

n = 7^(0) + + 7^(2) + (^(3) + ^(3) + ) + ^(3) ^ ^(4) ^ ^(4) ^ ^(4) 

+ {nf^ + + nf^ + ni'^ + n^^ + u^^^ + h.c.) . . . , (4.29) 

where the T-L^f^ are certain expressions to be defined below, whose leading term is of order Qf^. 
For higher values of a it turns out that there exists more than one functions with the same 
value of a, and those will be labeled by z = 1, 2, . . .. Of all the combinations 7^^-"^ appearing in 
(|4.29p . H^^^ is the only that contains il, while all the other combinations contain derivatives 
of il. Obviously, H.^^^ equals, 

7^(0) = -i[yiFi{y) - y^Fi{y)] , (4.30) 
whereas H^^^ at this level of iteration is given by. 



^This quantity was first defined in [5]. It appeared later in [25], wliere it was denoted by A. 
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+ 16 Re {nu){NnY{Nny] +wnjj{NnY{Nny 

- f im [FuK{NnYiNny{Nnf] 

- l^[{FijKL + 3iFR^ijN''^FKL)s) {Nny{Nny{Nnf{NnY 

- f sp.ijKijsiny [N^y [N^)^ + h.c] 



h.c. 



- 16 {^ijfi{N^y{N^y(N^y^ + h.c.i 



- 16i 

- 16 
-32 

- 16 

- 16i 



{Nnf N^^^RK (Nn)^ + h.c. 
{Nnf npQ iv^^o^^ (Nn)^ + h.c. 



h.c. 



h.c. 



(4.31) 



{Nnf N'^^njij^ (Nn)^ + h.c. 

}pQ{Nny{Nny{NnY 

Here we have used the notation (NQ,)^ = N^'^Qj , (NCI)^ = N^'^ftj. The symmetrization 
Fr[ijN^^ F^i^-^g is defined with a symmetrization factor 1/(4!). 

The expressions for the higher-order functions T-L^f^ with a = 2,3,4 are given in appendix 
IDI Each of these higher-order functions transforms as a function under symplectic trans- 
formations. Demanding H^^^ to also transform as a function under these transformations 
determines the transformation behavior of Vt. Proceeding as already explained below ()4.24p 
we obtain for the transformation law of (up to order $7^), 

9.=VL- \{zy 9.iVLj - Zy 

+ 1 [FijK zi^^^L z^^'^riM ziy^^N + h.c.) 

- 2{nijZl^nKZi^nL + h.c.) +mijZl^nK Zf^^L 



+ 



^FijKLiZo^YiZonyiZonfiZon) 



+ mijK{ZonY{Zony{Zon) 



K 



+ \FijrZ^^ FsKL {ZQ^YiZ^^yiZonfiZo^Y 

- Ai^jjK {ZoQY {ZonYiZonf 

- AiFjjKZ^^'npQ {ZonYiZo^y {ZoQy 
+ AiFjjKZ^''npQ{ZonY{Zony{Zony 
+ 4i {Zony QpQ Zq^^ {nRK {Zonf - in^j^ {ZoQY 

- 4i (^0^^)^ ^PQ z^^^RK (Zon)^ + h.c.j + o{n^) 

The transformation laws of the derivatives of fi, such as those in (j4.26p . are summarized in 
appendix |El 

The transformation law ()4.32p . which is entirely encoded in Zq and in Zq, suggest a 
systematic pattern, which we now explore. First we observe that ()4.32p simplifies when 
taking J7 to be harmonic both in and T, 

n{y,y;T,t) = f{y,T) + h.c.. (4.33) 



(4.32) 
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We obtain 



n=n + 



\_ 

3 



+ ^nijK{ZonY{ZonyiZon) 



K 



+ iFuR Z^^ FsKL {Z^nY{Z^ny{Z^n)''{Zo^y 

- AiFijKZ^PvLpQ {z^^Yiz^^Y {Zonf 

+ 4i Z^^ QpQ Z^^ QjiK (Zo^)^ + h.c.j + 0{n^) , (4.34) 

which shows that Q also is harmonic. Hence, the harmonicity of 0, is preserved under sym- 
plectic transformations. The transformation law (j4.34p has a certain resemblance with the 
one encountered in the context of perturbative topological string theory, where Zq'^ plays 
the role of a propagator [25]. The relation with topological string theory will be discussed 
below. Next, inserting ()4.33p into (j4.3ip . we find that Ti^^^ is also almost harmonic, i.e. it 
equals the real part of a function that contains only purely holomorphic derivatives of F and 
$7, contracted with the non- holomorphic tensor N^'^ , 

7^(1) = Uf{y,T)-4:N^-^ninj 

+ 8inu)iNnYiN^Y + liFijK{NnY{NnY{Nn)^ 

- |i {FijKL + SiFnf^uN'^'FKDs) {N^Y {NnY {Nnf {N^Y 

- fnijK{NnY{Nny{Nn)^ - mFuxN^^ ^pqiNnY {nqY {Nnf 

- i6{Nny fipQ n'^^^rk (nq)^ + h.c.j + o{n^) . (4.35) 

Thus, when is of the form (I4.33p . 7i^^^ is given in terms of the real part of a function that 
is holomorphic in T. Moreover, since A^^"' is homogeneous of degree zero, this function is 
homogeneous of degree two in and homogeneous of degree zero in y^ . 

Let us now elucidate the relation of Ti^^^ given in (j4.35p with topological string theory. 
We write 7i^^^ as 

n^^^ = h{y,y,T) + h.c. , (4.36) 

and we consider two expansions of h{y, y, T), namely one in powers of Q and the other one 
in powers of T. First we consider the expansion in powers of Q. Expanding h as 

00 

h = ^h^9) (4.37) 

and comparing with (|4.35p . we obtain 

=4/ , = -AN^-^niQj , 

/i(3) =8njj{NnY{Nfiy + hFijK{NnY {nqY (Nn)^ , 
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- leiNQf QpQ N^^flRK (NQf , (4.38) 
where {N^Y = N^-^ fj. This shows that all the h^^) 

are non-holomorphic in with the 
exception of h^^\ Using these expressions, one finds by direct calculation that the following 
relation holds, 

9-1 

djh^9) = liF/^ Y.^J^^''^ dKh^^-'^ , g>2, (4.39) 

r=l 

where F^^ = Fji^N^'^N^^ . 
Exercise 17: Verify (09]l for 5 = 2,3. 

Equation (|4.39p captures the 3^^-dependence of h'^^'^ (for g > 2). This dependence is a 
consequence of requiring H^^^ to have a proper behavior under symplectic transformations [S]. 
The differential equation (14.391) resembles the holomorphic anomaly equation of perturbative 
topological string theory. The latter arises in a specific setting, namely in the study of the 
non-holomorphicity of the genus-g topological free energies F^^^ [36]. To exhibit the relation 
with the holomorphic anomaly equation, we turn to the second expansion and expand both 
f{y, T) and h{y, y, T) in powers of T, 

oo 

/(3^,T)= -ii J;T3/(^)(3^), 

9=1 

oo 

h{y, 3>, T) = - 2i Tf F^3) ^y^ . (4,40) 
9=1 

Then we obtain 



F^'\y) = f^'\y) , F(2)(3;,3)) = /(2)(3;)+iiAr^^F«Fy), 
F^^\y,y) =/(3)(3;) + iAr^-^/f)Fy) - lF;i)(iVF«)^(iVF(i))^ 

- liFijKiNF^^^y [NF'^^^y {NF'-^yf , 
fW(3;,3;) =/W(3;) +iAr^^/f) f^) + i^n'J f(^) f(f) 

- i/;;)(iVF«)^(iVF«)-^ -F(i)(iV/(2))^(iVi7(i))J 

- iiF7ji^(iV/(2))^(ArF(i))-^(Ari?(i))^ 

+ ^ {FijKL + 3iFn^ijN^^FKL)s) (iVF(i))^(iVF(i))^(iVF(i))^'(iVF(i))^ 
-iiF;i),(iVF«)^(7VF«)-^(iVF(i))^ 
+ i FukN'^'' (iVF(i) )^ (iVF(i) )-^ (7VF(i) )« 



li(iVFW)^F(,^^iV«^4^2. (NF^'Y , (4.41) 
where {NF^^'^Y = N^-' F^ and (iV/^^^)^ = N^-^ ff\ Observe that all the F^^) are non- 
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holomorphic except F^^\ Using these expressions, one again finds by direct calculation, 

g-i 

djF^3) = 1 FjJ^ ajF(^) dKF^9-r) ^ ^ > 2 . (4.42) 

r=l 

This is similar to (|4.39|) . except that now the relation holds order by order in T, whereas 
(I4.39P holds order by order in Q. Both expansions are, nevertheless, related. Namely, taking 
/ in ()4.40p to consist of only f^^\ the expansion ()4.4ip coincides with the expansion ()4.38p . 

Summarizing, we have found the following. When expressing the Hesse potential, which 
is a symplectic function, in terms of the duality covariant complex variables (I4.13p . we obtain 
an infinite set of contributions all of which transform as functions under symplectic 

transformations. One of them, namely H^^^ has a structure that arises in topological string 
theory. Ti^^^ is the only contribution that contains while all the other combinations 
contain derivatives of 0,. When 17 is taken to be harmonic in all the variables (i.e. in 
both and T), the resulting Ti^^^ is given in terms of the real part of a function that is 
holomorphic in T, homogeneous of degree two in and homogeneous of degree zero in y^ . 
Then, expanding H^^^ in powers of T yields expansion functions F^3\ given in (j4.4ip . that 
transform as functions under symplectic transformations. The F^^^ are all non-holomorphic, 
with the exception of F^^^ , and the non-holomorphicity is governed by (I4.42P . This differential 
equation equals half of the holomorphic anomaly equation of perturbative topological string 
theory, which reads [38] 

djF^a) = 1 P-JK I^DjQj^Fig-i) + ^ Qjjpir) ^^^(9-'^) j , ^ > 2 , (4.43) 

where DlVm = QlVm + iN^^ FjimVp- This is the holomorphic anomaly equation in the 
so-called big moduli space p38], and its derivation is reviewed in appendix [Cl following [25] . 
In the context of topological string theory, the F^^^ denote free energies that arise in the 
perturbative expansion of the topological free energy Ftop in powers of the topological string 
coupling gtop, i-e. -Ftop = Z^^o 5top~^ Whereas F^^'^ is holomorphic (it only depends on 
3^), ah the higher F^b) (^ith g > I) are non-holomophic. For g > 2 this non-holomorphicity 
is captured by (|4.43p . 

The fact that the first term on the right hand side of (|4.43p is missing in (j4.42p is due 
to the holomorphic nature of the expansion function F^^^ appearing in (j4.4ip . Were it to be 
non-holomorphic, it would induce a modification of the relation (|4.42p . The required modi- 
fication arises by replacing the holomorphic quantity Fj^^ = /j^"* with the non-holomorphic 
combination ^ = /j^^ + iiF/j/^iV^^ (see ([012]) ). 
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A Symplectic reparametrizations 

In subsection 12 . 1 1 we introduced the 2n- vector and discussed its behavior under sym- 

plectic transformations. Here we consider derivatives of Fi and show how they transform 
under symplectic transformations. We use the resulting expressions to give an alternative 
proof of integrability of the equations ()2.8p . In addition, we show that dr^F transforms as a 
function under symplectic transformations. 

We begin by recalling some of the elements of subsection 12.11 The 2n-vector 
is constructed using F{x,x) = F^'^\x) + 2i^}{x,x). Under symplectic transformations, it 
transforms as, 

X* = Wj x^ + Z'^[F^°\x) + 2i%(x, x)] , 
Fi{x, ^) = Vi^ [Ff ) (x) + 2i%(x, x)] + Wij x^ , (A.l) 

where U, V, Z and W are the nxn submatrices (j2.3p that define a symplectic transformation 
belonging to Sp(2n,R). Without loss of generality, we decompose Fi as 

Fi{i,x) = Ff^(x) -h2ifii(5,l) . (A.2) 

This decomposition, which a priori is arbitrary, can be related to the decomposition of Fi = 
+ 2iOi in the following way. The symplectic transformation (jA.ip is specified by the 
matrices U, V, W and Z. Consider applying the same transformation (specified by these 
matrices) to the vector (x*, -F/^^) alone. This yields the vector {x^,fI^'^^ (x)), which is expressed 
in terms of = — 2\Z^^Vtj{x, x) instead of x', 

x' =U' j x^ + Z'^ Ff\x) , 

(x) = Vi^ Ff (x) + W^j x^ . (A.3) 

Thus, by demanding that F^'^^ follows from the same symplectic transformation applied on 
F^^^ alone, we relate the decomposition of Fi to the decomposition of Fi. Then, the second 
equation of (jA.ip can be written as 

a(5,5) =Vi^^lj{x,x) - \i[Ff\x) - Ff\x)] (A.4) 
= Vi^ $7j(x, x) 

+ li E ^^Z^'^-n^A^^x) ■ ■ ■ Z^-^-^^^x^x) F^l^Jx) , 

Tfl. 
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where the F/f^ ■ (x) denote multiple derivatives of Fj^\x) evaluated at x. The right-hand 
side of ()A.4p can be written entirely in terms of functions of x and x, upon expressing 
™ terms of derivatives of Fj^'^\x) using ()A.3p . We give the first few derivatives, 



= (y/Ff + W,k) [S.'fj , (A.5) 

F^h^) = [So'f^ [SoT, [SoTk , 

= [SoT, [So'n [S,'ri [f^I, - 3 i^^S. 



ijkl 

where we used the definitions 



= [S,'Y, Z'^ . (A.6) 
Let us consider the first expression of (jA.Sp . While Fj^p is manifestly symmetric in this 



U, V, W and Z, it follows that F^^^ is symmetric in Using this, we obtain 



appears not to be the case for F^. However, using the properties (j2.3|) of the matrices 

(0) 



(x)z^'^ = y>-[5o-^'V- (A.7) 

Exercise 18: Verify ()A.7p by computing V'^Sq. 

The symmetry of pj^p implies that Fj^^\x) can be integrated, i.e. F-^\x) = dF^^\x)/dx'^^ 
with given by the well-known expression [5], 

f(0)(£) =f(°)(x) - \x'Ff^^ + \{U'^W)ij x'x^ + \{U^V + W^Z)i^x'Ff 

+ (A.8) 



up to a constant and up to terms linear in x*. 

In addition to (|A.6p . we will also need the combinations S and S given in (jA.lOp and 
(|A.12p below, which are related to Sq by 

j =SQj + 2iZ^^0,jgj , 
S^j = Sqj + Z^^ [2iOfcj — 4 rij,^^'™'Omj] , 

Z'^ = [S-^]\ Z^^ . (A.9) 

Observe that the matrices Zq, Z and Z = S^^ Z are symmetric matrices by virtue of the 
fact that ZU'^ is a symmetric matrix 

Next we consider the transformation behavior of the derivatives Fij = dFi / dx^ and Fij = 
dFi/dx^. First we observe that 



5^- = [7^- + , ^^^Z^'^F.j. (A.IO) 



Applying the chain rule to (jA.ip yields the relation 

Fij ^ F;, = (y/F^fc + Wik) [S-^]''j , (A.ll 
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where Fij = dFi/dx^ and 



F^3 = F^j - Ffk Fj^ = FiP + 2in,, - 4 n^-, Z"' Qj^ , 

S'j =U'j + Z'^Fkj . (A. 12) 

Exercise 19: Derive (|A.lip by differentiating the second equation of (jA.ip with respect to either 
X or X. Then combine the two resulting equations to arrive at (lA.lip . 
Then, using the first equation of (jA.SP as well as ()A.7p in (jA.lip yields, 

= ii[F,f (5) - (5' - 2iZ>'%{x,x))] (A.13) 



+ 2iilfcm^™'"'^n/ 



which is symmetric by virtue of the symmetry of f'>'^\ Qij, and Z^"^. 
Subsequently we derive the following result from (IA.4P |21j . 

1^,,-= [5-YM5-^]'jn,^= [s-']MS-'fjn,j. (A.14) 

Exercise 20; Deduce (jA.14p by taking the first line of ()A.4p and differentiating it with respect to 
X. Use the relation (|A.7p in the form 

= [So''\' + (i^/Ff + W,k)Z^' , (A.15) 

together with ()A.9p . 

The relation ()A.14p establishes that rij, = (iljj). Using this as well as (I2.13p . and recalling 
that Qij = dCli/dx-', we obtain = (Qji) = {dO,j/dx^) = d{Qj)/dx'^ = dClj/dx"^ = Oj,. 
This, together with the symmetry of Ojj, ensures the integrability of ()A.ip . as follows. 

We consider the 1-form A = Qidx^ + Ojdx*, which is real by virtue of = (rij). Its 
field strength reads 5 = dA = VLij dx^ A dx^ + (^ij — ^ji^ dx^ A dx* + Q^dx^ A dx^. Then, 
using fiij = Qji as well as Ojj = Ojj, we conclude that = 0, which establishes that locally 
A = dQ, with a real fl. 

Hence we conclude that the equations (jA.ip are integrable and the decomposition (j2.5p is 
preserved, i.e. the transformed 2n-vector (x*, Fi) is constructed from a new function F{x, x) = 
+ 2in{x,x) with a real This was established in subsection 12.11 by relying on 

the Hamiltonian. 

Next, let us assume that the function F depends on a auxiliary real parameter rj that is 
inert under symplectic transformation, i.e. F{x,x;ri), and let us consider partial derivatives 
with respect to it. A little calculation shows that drjFi transforms in the following way, 

d^F, = [S-^Yi [dr,Fj - Fjj, z'^^dr^F^ , (A. 16) 

where x and x are kept fixed under the r/-derivative in dr]Fi{x, x; rf), while in drjFi^x, x; rj) the 
arguments x and x are kept fixed. 
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Exercise 21: Verify ()A.16P by differentiating the second equation of (jA.ip with respect to r/, 
keeping x and x fixed. Subsequently, use (|A.2p . (jA.lip and ()A.14p to arrive at ()A.16p . 

Let us first consider ()A.16P in the case of a liolomorpliic function F, so that 17 = 0. In that 
case ()A.16p imphes that the derivative with respect to of d^F — d^F must vanish. Therefore 
it fohows that dr^F transforms as a function under symplectic transformations (possibly up 
to an j;-independent expression, which is irrelevant in view of the same argument that led to 
the equivalence (|2.6p ). 

When $7 7^ one derives the following result using ()A.16p . 

Exercise 22: Deduce ()A.17p by suitably combining ()A.16P with its complex conjugate, and using 
the relation 

Z'^^Fjk [S-^S]\ = [i-^S]'jZ^ F-,i . (A.18) 

Next, we assume without loss of generality that the dependence of -F on ry is entirely 
contained in 0. Then, using (I2.13p . it follows that 

dr,{¥j) = -dr^Fj , (A. 19) 

and the relation (|A.17p simplifies. Namely, the left hand side of (|A.17p becomes equal to 
d{driF)/dx^ , where we used the existence of the new function F. Thus, we obtain from 

dAiiD, 

A (d^F - d,F) = . (A.20) 



dx^ 

This equation, together with its complex conjugate equation, implies that driF — drjF vanishes 
upon differentiation with respect to x and x, so that dr^F transforms as a function under 
symplectic transformations (possibly up to an irrelevant term that is independent of x and 
x). 

B The covariant derivative V^j 

The modified derivative (j3.1ip acts as a covariant derivative for symplectic transformations. 
Here we verify this explicitly by showing that, given a quantity G{x,x;r]) that transforms as 
a function under symplectic transformations, also "DrjG transforms as a function. 

To establish this, we need the transformation law of N'''^ that enters in p. lip . Under 
symplectic transformations, Nij given in (j3.12p transforms as 

kj = [S-']\ [r'fj [Nki + i Fkrn ^'^^ Fnp {6f - Z^'^ F^j) 

-iF-,^Z"^-Fr,p[5f-ZP^F^i 

+ i [^''fjhm Sri - [S-'h , (B.l) 



where S,S and Z are defined in ()A.9p . 
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Exercise 23: Verify ([Rl]) using ([AH]) and (|Al4]) . 

Then, it follows that the inverse matrix N^^ transforms as 

fi'^ = {S\ - Z'^ F^j) 7V'^' {Sh - Z^"' E^-,) - i S\ S^i ■ (B.2) 

Since the matrix Z = S~'^ Z is symmetric [5], so is N^K Observe that it can also be written 
as 

= {S\ - Z'^ Fni) iV"= {S^k - Z^"^ F^-,) - i Z*' Z-^'" Fi^a ■ (B.3) 

Establishing the transformation behavior ()B.2p turns out to be a tedious exercise, which we 
relegate to end of this appendix. 

Now consider a quantity G{x, x; rj) that transforms as a function under symplectic trans- 
formations, i.e. G{x,x;r]) = G{x,x;r]). We then calculate the behavior of V^jG under sym- 
plectic transformations. First we establish 

G^ = G^ + G, Z'^ Fr,j + G, Z'^ Fr,j , (B.4) 

where, on the right hand side, the tilde quantities are differentiated with respect to the tilde 
variables, while those without a tilde are differentiated with respect to the original variables. 
Similarly, 

Gi-G,= (Gj - Gj) (S^, - Z^'' Ffc,) + i Gj Z^'' N^i , (B.5) 

as well as 

Frjj = Frii S^j + Frjj Z^'' Fj^j , (B.6) 

where we used that transforms as a symplectic function, as established in ()A.20p . 
Exercise 24: Verify ()B.4p and (jB.SP using G{x,x;r]) = G{x,x;ri). 
Then, inserting ()B.4p and (|B.5p into (|3.1ip yields, 

V^G = G^+ (g, - G,) Z'^ F^j + i N'^ (F^j + F^j) (Gu - G^) (s\ - Z^' Fi^ . (B.7) 

Next, using (jB.6p . we compute 

(F,,- + F,j) = (f,u + F^j) (5^- - Z'^' Fij) - i F^i Z'^ N,, 

+ {f,i + Z'" + (f^,- + P^i) Z'^ F^ . (B.8) 

Using that F has the decomposition 

F(x, i; rj) = f(°) (x) + 2i n{x, i; rj) (B.9) 

with real, it follows that the second line of (jB.Sp vanishes. Inserting the first line of ()B.8p 
into (]B.7p and using F^ = —Fji as well as S Z'^ = Z S'^ , we obtain 

V^G = Gr, + i N'^ {P^j + Pr,-) [Ci - G,) = iV^) , (B.IO) 
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which shows that D^jG transforms as a function under symplectic transformations. 

Now we return to the transformation behavior of A^*-' given in ()B.2p and verify that it is the 
inverse of (jB.ip . i.e. 7V~^ N = 1. We use the decomposition F(x, x; 
We find it useful to introduce the following matrix notation, 

S =1 + Z {R. - F--) , 

oo 



s =s 

Z-Z = - 



n=0 

X - z(f..- 



Z F.. 



z 



= [i-z {F.. - -Azn^.z n.^] , 

Z {F. - Z , (B.ll) 



where we assume that the power series expansion of 5 ^ 5 is convergent. Here F.. , F , F.- 

denote entries of the type Fij, Fjj, Fij, respectively. Then, using (jB.ip . we compute 



ra=0 



NS = ^(x")^ (iv + 4if]._zj7_. -i[n^.zn.^ + 2n.^x + 2n^. 

=0 

2(5-^5)'^'^ (x")^ [I - z (F.. - F_„) -Azn^.zn 



(B.12) 



vT ■ 

n=0 
-1 c-l,T 



Multiplying this with S ' from the left and requiring the resulting expression to equal 
iS yields the relation 

iV^^ - 2i iV"^ n^. Z-2iZ n.^ iV"^ - 42 n.^ TV^^ 0_. Z-iZ 

oo 

{X'^f (n + 4i n.^ Z - 4iJ7_. Z n.^ + 20._ X + 2J1_. 



n=0 



2(5^^5)^^ (x")^ n_. [I - z (F.. - -Azn^.zn. 



n=0 



[I-2:(F.. -F__) -42i7_.ZJl. 



(B.13) 



Thus, checking iV^^ iV = I amounts to verifying the relation ()B.13p . To do so, we write ()B.13P 
as a power series in Z by converting Z into Z using the last relation in (]B.lip . Introducing 
the expressions 



a =4:n_.zn._z 



A = ^[(F..-F 



--)Z 



(B.14) 



n=l 



we obtain 



X =4Z{i + A) n^.zn.^ , 
x'^n^. =n^.x , 
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n=0 n=0 

X" =4ZJ]._Z[(I + A)ct]""^(I + A)J7_. , n>l, 
(X")^ =4f]._(I + A^) [(7^(1 + A^)]"~^ZJ]_.Z , n>l, 
(5-15)^=1+ (F.. (I + A) . (B.15) 

Then, (jB.lSP becomes 

-2in^.Z-2iNZ n.^ iV"^ - 4 iV 2: 0._ iV"^ 0_. 2: - i iV Z 

^ {X^'f \n + 4i Z (I + A) n^. - 4iJ7_. Z + 8J1._ Z (I + A) Z + 2f]_. 



.n=0 



-2 [1+ (F.. - + A)] n^. [I - 2: (F.. -F__) - Azn^.zn.^ 

n=0 

= N [I- Z {R. - F^^) - AZn^.Zn.^] , (B.16) 

where X" (with n > 1) is expressed in terms of Z according to (jB.lSp . Now we proceed to 
check that ()B.16P is indeed satisfied, order by order in Z. Observe that the right hand side 
of ()B.16P is quadratic in Z, so first we check the canceUation of the terms up to order Z'^. 
Then we proceed to check the terms at order n with n > 3. Here we use the relations 

R. - F„„ = iN + 2in._ + 2iJ7_. , 
Z=ZA, 

[a^(l + A^)]"z=Z[a(I + A)r , (B.17) 

and we organize the terms at order n into those that end on either N (introduced in (j3.14p ). 

or It is then straightforward, but tedious, to check that at order n in Z all these 
terms cancel out. This establishes the validity of the transformation law ()B.2p . 

C The holomorphic anomaly equation in big moduli space 

The holomorphic anomaly equation ()4.43p of perturbative topological string theory [35\ [36] 
can be suscintly derived in the wave function approach [22] to the latter |231 [2^ [25t 126] , In 
this approach, the topological string partition function Z is represented by a wavefunction, 

Z{t;tBjB) = I dct>e-''^'t',t;tB,tB)/n z^^) , (c.l) 

where S{(j), t; tB,iB) denotes the generating function ()3.28p of canonical transformation^. We 
take the background dependent constant c{tB,tB) appearing in S to be given by [25 1 [M l [25 } E5] 

citB^B) = -| Indet Nij{tB,tB) , (C.2) 



''We use the conventions of section |4] and suppress the superscript of F^"-* . 
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with Njj as in (gH]). 

Differentiating (jC.ip with respect to the background field on the one hand, and with 
respect to the fluctuations t on the other hand, yields the relation 



dZ{t-tB,iB) ^pij d d 

Here Fi^"^ is evaluated on the background, and is given by Fi^"^ = Fif^^QN^^^ N^^ . Assigning 
scaling dimension 1 to both ts and t (and to their complex conjugates) and scaling dimension 
2 to ^, we see that (1C.3P has scaling dimension —1. Setting 

Z{t- tB,tB) = Q^^'-^*B.tB)/h ^ (C_4) 

we obtain from ()C.3p 

dW{t-tB,tB) _,^u A d^W dW dW\ 
which has scaling dimension 1. The BCOV-solution |36j is obtained by making the ansatz 

EHl 



^= E ^c[f,..iJtB,tB)t'^...t'-, (C.6) 

g=0,n=0 



with 



C'/J„j^=0 , 2g-2 + n<0. (C.7) 
,...,1 

ansatz ()C.6P into ()C.5p . equating the terms of order for g >2 and setting t = gives. 



The are symmetric in /i, . . . , /„ and have scaling dimension 2 — 2g — n. Inserting the 



d,C'~^HtB,tB) = '^F,^^ (^0^^'^+'-^^^^^^ , g>2. (Ci 



Exercise 25; Verify (lOSl) . 

Now we set 



where .Dl is given by 



Cjf). =Z),,...D,„f(^) ,<?>!, (C.9) 



I^L^Af = OlVm + i A^^'F/LAf^^P . (C.IO) 

Dl acts as a covariant derivative for symplectic reparametrizations Vm — > (51^^)^^/ Vp, since 
N^-^ transforms as N^'^ [SqN-'^SoY-^ - i[5o ^o]^"^ (see (|R2ll ). The F^f) have scaling 
dimension 2 — 2g and transform as functions under symplectic transformations. Inserting 
(|C.9p into (jC.Sp yields the holomorphic anomaly equation in big moduli space [38] . 

diF(^HtB,tB) = '^h'' (DidjF^^~'^ + J^^diF(^'>djF(^^^^^^ , ^;>2. (C.ll) 
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As an example, consider solving (jC.lip for g = 2. We need Fj^'^ = diF^^^tB^ts)-, which 



(C.12) 



is non-holomorphic and given b; 

diF^^\tBM = dif^^HtB) + ^iFijK iV"^^ . 
Then, solving (lOTTl) for F^^) yields [251 EH] 

F('\tB,tB) =f^'\tB) + iiiV^^ (DjF^'^+fPf^'^ 



FiJKL + ^iN^'^FiKMFjLN + FijkF}; 



(1) 



(C.13) 



In this expression, all the terms are evaluated on the backgromid {tB,tB)- 
Exercise 26: Verify that (laT3]l solves (lOTT]) . 

Observe that (lC.12h transforms covariantly under symplectic transformations, provided that 
/^^^ transforms as /^^^ — > f^^^ — |lndet5o in order to compensate for the transformation 
behavior Njj — y Nkl [Sq^^]^ i [S^^\^ j [5j, so that 



f{i) 
Jij 



Al) 1 ^PQ p 
J. J - 2^0 ^PQJ 



f (1) 1 g'J'Q 77 



(C.14) 



Exercise 27: Determine the transformation behavior of f^'^\tB) under symplectic transformations 
(j4.14p that ensures that F^'^\tB,tB) transforms as a function. A useful transformation law is 



FiJKL 



-1\M 



id. 



Fnop [Sq j [Sq ^)'^ k {Sq l 



l\0 



l\0 



Fmnop 



Fmps^q^Frno — Fqps^q^Frmn — FnpsZq"-From 



SRi 



rSRi 



(C.15) 



D The functions 

nr for a > 2 

Here we collect the explicit results for the various functions T-L^""^ (with a > 2) that appear 
in (|4.29p . These functions can be determined by iteration. We present the functions up to 
order 0(0''). We use the notation (NQY = N^'^Qj , (NnY = N^-^Qj. The symmetrization 
Fjii^jjN^^ FxL)s is defined with a symmetrization factor 1/(4!). 

-^(2) =8iv"j]/J7j - 16 [j]/j(ivf])^(ivo)^ + njj{NnY{Nny + h.c.] 
- 8i [FijKiNnY{Nny{NnY - h.c] 
+ fi[{FijKL + siFijRN'^^FsKL) (NnYiNnYiNnYiNnY - h.c] 
+ 16 [QijK {NnYi^^YiN^Y + h.c] 

contains an additional term proportional to the Kahler potential Hl.lf) . but this term drops out of 
(|C.11|I due to the special geometry relation Fjjj^ — 0. 
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+ 16 [ {n^jfi + iFupN^^ngfi) {{NnY{Nny{Nn)^ + 2{NnY (Nny (Nn)^) + h.c. 

+ 32 b/Q A^^^ ^Rj {Nny{Nny + h.c. 

+ 32 njQ N^^ n^j {NnY{Nny 

+ i6i\ FukN^^^pq {{NnY{Nny{Nn)'^ + 2{Nn)'^{NnY{Nny) -h.c. 

+ 16i\FijK N^^ QpQ {Nny {Nfty (Nn)'^ - h.c, 

+ 8 {Nny {N^y FijQN^^F^jii{Nnf{NCiy 

+ 32 \{NnYnij N'^^Qj^iiNnY + ^i-c- 

+ 32 \iNnY ^IJ N-^^Qj^iiNnY + h.c. 
+ m\{NnY {N^iy FuKN^^^ipiN^y - h.c. 

+ 32 \{NnY^ij N-^^ n {NnY + ^-c 

+ 32\{NnYnjjN-^^ n^iiNQY] , (d.i) 

- liFijK{NnY{Nny{Nnf 

+ 8iFjjK{Nny{Nn)^ N^^ [2npQ{Nnf + 2npQ{Nn)^ - iFpQp{Nnf{Nny] , 

(D.2) 

8 [nij + iFijK{Nnf) {NnYiNny 

- |i {FijKL + SiFR^ijN^'^FKDs) {6iNnY {NQY (NQf (NQY 

-4{NnY {NCiy^ {Nfi)^ (NnY) 

- f ^ijK (3 {nqY {Nny (NQ)^ - {NnY{Nny{Nn)^) 

- i6njjj:i{NnY{Nny{Nn)^ 

- mFijKN^^^pQ[- {NnY{Nny{Nny 

+ {nCiY {Nny {Nn)'^ + 2{NnY {Nny (Nn)^] 

- 16 {NCiy VLpQ N^^VLrk {NCI)^ 

-32{NnY {nij + iFijpiNnf) n^"" {^Ki-'^FkLMiN^)^) {NnY 
+ m{NnY{NnyFijpN'''' - iFj^iQiNnf^ {NnY 

- 16 (NnynpgN^^nj^j^iNn)^ 

- 32 {NnY i^ij + iFijK{Nnf) N^'^niMiNn)^ 

- i6i{NnY {Nny FijKN^^npQ{Nny , 

i6njj{NnY{Nny 

- 16 [2{Nnf{NnY {nKMN^^'nj.i + nj,iQ{Nnf) 

+ {Nn)^nj^iN^^ {iFpMN{N^r}'^\Nn)'^ + 2npj{Nny + 2npj{Nny) 



(D.3) 
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+ h.c.j, (D.4 

nf^ = 32 (nCiY {nij + iFijKiNfi)'') {npQ - iPp^jiiNnf) {Nnf , (d.5 
n^^^ = 32 {Nnf n pQ n^^ n^^ i^^)^ (d.6 
n^3^ =8FijRN'^'^FsKi{Nny{Nny{Nnf{Nn)'^, (d.7 

7^(4) = _ li (^^^^^ ^ SiFijRN'^'^FsKL) {Nny{Nny{Nn)''{Nny , (D.8 

= - i6i fukn^^^iq {Nny{Nny{Nny , (d.q 

= - mFijKN^^ {npQ - iFpQpiNny) {Nny{Nny{Nnf , (d.io 

ni^'^ = 16 {Qjjj^ + iF/jp A^^^ JIq^) {Nny {NCiy (Nn)^ , (D.ll 
=32(iVn)^ (J7/j + iF7ji^(iV17)^)iV^-PjlpQ(iVJ])Q, (D.12 

n^^^ = - m{Nny (Nny FijKN^^nip{Nnf . (d.i3 
E Transformation laws by iteration 

The Hesse potential in section [J] depends on Q, whose behavior under symplectic transforma- 
tions can be determined by iteration. Here we summarize the result for the transformation 
behavior of derivatives of (expressed in terms of the covariant variables of section [3]) , up 
to a certain order. We use the conventions of section H] and suppress the superscript of F^^^ . 

Qi = [Sq^Yi [nj + iFjKL {Zonf {Zony - 2injK{Zonf + 2injK{Zo^f 

+ lFjKLp{Zonf {Zony {Zony + 2FKLp{Zonf j{Zony{Zony 
+ AFjKL{Zon f{Zonyp{Zony - 4FjKL{Zon)''{Zonyp{Zony 

- 2FjKLZ^''FpQs{Zonf {Zony {Zony + 2FKip{Zonf j{Zony{Zony 

- 2njKL{Zonf{Zony - AnK^Zonf .yzony - 2njjii{Zonf{Zony 

- Anji-yzonf yzoCiy + 4njj,i^{Zonf{Zony + Anj,yzonfj{Zony 



+ Anj,i{Zonf{Zonyj +o{n 



^ij = [<So ] ySo ] J nxL-FKLAiZo n^ 

- iFKLpZ^^FMQR{Zony{Zony + 2iFKLp{ZonyQ{Zony - 2iFKLp{ZonyQ{Zo 
+ iFKLMN{Zony'{Zonf 

+ iFKMN{Zony'L{Zonf + iFKMN{Zon)''L{Zony' 

- 2\FKMNZ^''FpQL{Zony{Zon)'' 

- 2inKLp{Zony - 2inKP{ZonyL + 2inKpZ^'^FQLs{Zony 



+ 2\n^Lp{^o^f + 2inKp{ZonyL + o(J^') , 



^ij = ['5o"T/[5o"Tj ^kl + 2iFKMN{Zony' -yzony - 2[Fipf^{Zony K{Zon) 
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+ o{n^) , 

^IJL = [<So^]^'^ i[Sq^]'^ j[Sq^]^ L [^MNK — FmNKp{Zq^)^ 

—Fmnp{2'0^)^k — Fkmp{Zq^)^ N — Fnkp{Zq^)^ M 

+FmnpZq^ Fkqr{ZqQ)^ + Fkmp2q^ Fqnr{ZoQ)^ + F^KpZ^'^ Fqmr{Zo^)^ 

^IJK = [SoTliSoYASo'^K i^MNL - FMNQiZo^fl] + 0{^l') , (E.l) 

where (Zon)'^ = Z^'^n^, {Z^^)^ = Z^^^f^ , (^of^)^L = Z^'^'^nL , {Z^^f l = Z^^^n 
{ZqVL)^ p = 2^^$7^p, {ZqQ)^ I = Z^'^Q.fii. 
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